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The Euler and Milstein Methods

A general diffusion process:
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Two approaches for generating sample paths for above process.

Euler Method: 
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Milstein Method:
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Two sources of error stem from above simulation methods:

· Sampling error: 
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 where M is the number of sample paths,
· Truncation error: 
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 -- Euler method, 
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Thus the best choice of M for fixed 
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Applications
Application I: A geometric Brownian Motion:
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with r = 0.07, 
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. We compare the two methods.
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Fig. 1. Sample paths generated by Euler method, Milstein Method and Exact Solution with 
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 = 0.001.
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Fig. 2. Sample paths generated by Euler method, Milstein Method and Exact Solution with 
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Fig. 3. Sample paths generated by Euler method, Milstein Method and Exact Solution with 
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Fig. 4. Expected absolute error from Euler method and Milstein Method with 
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 = 0.05 and M = 8000 (sample paths).

Pricing European option:

Suppose that the stock price follows above process. Consider an at the money European option expiry at T = 0.5. The price from Black-Scholes formula is 3.7142.
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	M
	Euler
	Milstein
	Error E
	Error M
	Time E
	Time M

	0.01
	1000000
	3.7186
	3.7171
	0.0043
	0.0029
	15.713
	25.527

	0.02
	250000
	3.7271
	3.7244
	0.0129
	0.0102
	1.492
	2.854

	0.05
	20000
	3.6612
	3.6547
	0.053
	0.0596
	0.05
	0.08

	0.1
	5000
	3.6984
	3.6847
	0.0158
	0.0296
	0.04
	0.04


Application II: Constant elasticity of variance (CEV) Process
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with b = 0.04. We simulating the process for different parameters.
Q1. When does the process appear to approach a steady state solution?
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Fig. 5. Euler method: density function of 
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 with t=1, 1.5, 2, 2.5 respectively with 100000 sample paths.  k = 2, 
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 = 0.5, 
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Fig. 5. Milstein method: density function of 
[image: image28.wmf]t

r

 with t=1, 1.5, 2, 2.5 respectively with 100000 sample paths.  k = 2, 
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 = 0.5, 
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 = 0.2.
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Fig. 5. Milstein method: density function of 
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 with t=4, 5, 6, 7 respectively with 100000 sample paths.  k = 1, 
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 = 2, 
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 = 0.5.
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Fig. 5. Milstein method: histogram of 
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 with t=7.5 with 100000 sample paths.  k = 1, 
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 = 2, 
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 = 0.5.

Q2. How to deal with negative  values of r?

We replace negative values by 0.
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Fig. 5. Euler method: before and after the replacement of negative r values.  k = 2, 
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 = 0.5, 
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 = 0.2, 
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 = 0.5.
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Fig. 5. Milstein method: before and after the replacement of negative r values.  k = 2, 
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 = 0.5, 
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 = 0.2, 
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 = 0.5.
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