
Low Discrepancy Sequences

• I wish to approximate an integral ∫0
1f(u)du

using a total of n evaluations of the function f
Suppose that the function is smooth and I 

use points ui=(2i-1)/(2n),i=1,2,3,...,n.
Note: ∫0

1/nf(u)du≈ n-1f(u1)
For a point in the interval u1 









Low Discrepancy Sequences
low-discrepancy:  successive numbers are added 

in a position as far as possible from the other 
numbers

i.e. avoiding clustering
the numbers generated sequentially fill in the 

larger "gaps" between the previous numbers of 
the sequence. 

In dimension 1, the van der Corput (1935) 
sequence in base 2, starts from zero, and is 
confined in the interval [0, 1)



Van der corput sequence
See: http://www.puc-rio.br/marco.ind/main.html#contents for 

applets shown here.
with the first 16 Van der Corput numbers (n from 0 to 15) given by:



Van der Corput, base b
• For base 3, has 3 in denominator :
• 0, 1/3, 2/3, 1/9, 4/9, 7/9, 2/9, 5/9, 8/9, 1/27, 10/27, 19/27, 

.....
• The n’th term of the  van der Corput sequence, for base 

b, is generated as follows: 
– The decimal-base number n is expanded in the base b. For 

example, n = 4 in base 2 is 100 (4 = 1 x 4 + 0 x 2 + 0 x 1); 
• The number in base b is reflected. In the example, 100 

becomes 001;
• Map into interval [0,1). 001 becomes 0.001 (binary 

decimal) corresponds to the decimal number 1/8, that is  
1/8  (= 0 x (1/2) + 0 x (1/4) + 1 x (1/8)). 



General Van der Corput

In general, for base b if 



Halton Sequence of dimension 3:  each component is a 
different Van der Corput sequence (different prime base b)



Halton Sequence



Halton sequences have problems 
in high dimensions

• Halton sequence exhibits structure in high 
dimensions, becomes unsatisfactory after ~ 
dimension 14. 



Faure Sequences
• The Faure sequence is like the Halton sequence, but it uses only 

one base for all dimensions and it uses a permutation of the vector 
elements for each dimension.

• The base of a Faure sequence is the smallest prime that is larger 
than or equal to the number of dimensions ( or 2 for one dimensional 
problem). 

• If   d=50, the last Halton sequence (in dimension 50) uses the 50th 
prime number that is 229, whereas the Faure sequence uses the 
first prime number after 50, that is a base 53, which is much smaller 
than 229, so, the "filling in the gaps" in high-dimensions is faster with 
Faure sequence than Halton.

• By reordering the sequence within each dimension, Faure
sequences prevents some problems of correlation for sequential 
high-dimensions that occurred with the Halton sequence. Makes a 
link between the low discrepancy sequences theory and the 
combinatorial theory for the vector reordering. 



Faure
• The algorithm same equation as before but with a 

combinatorial rearrangment of the aj. This is performed 
using a recursive equation, from dimension (d -1) to the 
new dimension d: 

• Start the first dimension using the van der Corput
sequence with the specific Faure's base b, reorder the 
numbers with the equation below for d = 2, and so on:



Sobol Sequences
• The Sobol sequence has the same base for all dimensions and reorders of 

the vector elements within each dimension. 
• Sobol sequence uses base 2 for all dimensions. 
• Reordering  more complex. 
• Sobol reordering is based on a set of "direction numbers", {vi} given by 

vi=mi/2i "where the mi are odd positive integers less than 2i, and vi are 
chosen so that they satisfy a recurrence relation using the coefficients of a 
primitive polynomial in the Galois field G(2)" (Gentle, J.E. (1998): "Random 
Number Generation and Monte Carlo Methods"
Springer- Verlag, New York, Inc., (1998) p.161).

• i.e.  Sobol sequence use the coefficients of irreducible primitive polynomials 
of modulo 2 to reorder.

• C code for Sobol algorithm in Press, W.H. & S.A. Teukolsky & W.H. 
Vetterling & B.P. Flannery (2002): "Numerical Recipes in C++ – The Art of 
Scientific Computation"
Cambridge University Press, Second Edition, 2002, 1002 pp.



Last two coordinates of Faure, 
d=15



Squared error in option price, crude 
MC, Van der Corput and Sobol


