Chapter 3

Random Variables and
Measurable Functions.

3.1 Measurability

Definition 42 (Measurable function) Let f be a function from a measurable
space (2, F) into the real numbers. We say that the function is measurable if
for each Borel set B € B, the set {w; f(w) € B} € F.

Definition 43 ( random variable) A random variable X is a measurable func-
tion from a probability space (2, F,P) into the real numbers K.

Definition 44 (Indicator random variables) For an arbitrary set A € F define
Is(w) =1 if we A and 0 otherwise. This is called an indicator random
variable.

Definition 45 (Simple Random variables) Consider events A; € F,i =1,2,3, ...

such that Uy A; = Q. Define X(w) = Y., cila,(w) where ¢; € R. Then
X s measurable and is consequently a random variable. We normally assume
that the sets A; are disjoint. Because this is a random wvariable which can
take only finitely many different values, then it is called simple and any random
variable taking only finitely many possible values can be written in this form.

Example 46 (binomial tree) A stock, presently worth $20, can increase each
day by §1 or decrease by $1. We observe the process for a total of 5 days. Define
X to be the value of the stock at the end of five days. Describe (Q,F) and
the function X (w) . Define another random variable Y to be the value of the
stock after 4 days.

Define X ~}(B) = {w; X(w) € B}. We will also sometimes denote this event
[X € B] . In the above example, define the events X ~1(B) and Y ~1(B) where
B =[20,0).
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14CHAPTER 3. RANDOM VARIABLES AND MEASURABLE FUNCTIONS.

Then we have the following properties.
For any Borel sets B,, C R, and any random variable X

L X YU,B,) = U, X Y(B,)
2. X YN,B,) = N, X (B,)
3. [X7U(B)c = X"1(B°)

These three properties together imply that for any class of sets C, X ~(o(C)) =
a(X71(C)). So X is measurable if, for all z, {w; X (w) < x} € F (see Theorem
16 and Problem 3.16).

BEWARE: The fact that we use notation X! does not imply that the
function X has an inverse in the usual sense. For example, if X (w) = sin(w)
for w € R, then what is X 1([.5,1])?

Theorem 47 (combining random variables) Suppose X;,i =1,2,... are all
(measurable) random variables. Then so are

L. X1 +Xo+X5+...X,
2. X?

3. ¢X; forany ce R
4. X1Xo

5. inf {X,;n > 1}
6. lim inf X,

7. sup{X,;n > 1}
8. limsup,, o Xn

Proof. For 1. notice that [X; + X5 > «] if and only if there is a rational
number ¢ in the interval X7 > ¢ >  — X3 so that [X; > ¢] and [X2 >z — ¢].
In other words

[X1+X2 > 2] = Ug[X; > ¢JN[Xs > x—g]where the union is over all rational numbers g.
For 2, note that for = > 0,
(X7 <2]=[X1>01N[X; <VZ]U[X1 <0 N[X; > —V7].

For 3, in the case ¢ > 0, notice that

8

X < 2] = [X1 < 3.

)

Finally 4 follows from properties 1, 2 and 3 since

1
X1 X = o{(X0 + X,)* = Xf — X3}
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For 5. note that [inf X,, > 2] =N, [X,, > z].
For 6. note that [lim inf X,, > z] = [X,, > x —1/m a.b.fo] for all
m=1,2,... so

liminf X,, > z] = Nyo_; liminf[X,, > x — 1/m].
The remaining two properties follow by replacing X,, by —X,,. =m

Definition 48 (sigma-algebra generated by random variables) For X a random
variable, define o(X) = {X~1(B); B € B}.

o(X) is the smallest sigma algebra F such that X is a measurable function
into R. The fact that it is a sigma-algebra follows from Theorem 16. Similarly,
for a set of random variables X7, Xs, ... X,, , the sigma algebra o(Xy,...X,)
generated by these is the smallest sigma algebra such that all X; are measurable.

Theorem 49 o(X) is a sigma-algebra and is the same as o{[X < z], = € R}.

Definition 50 A Borel measurable function f from R — R is a function such
that f~Y(B) € B for all B € B.

For example if a function f(z) is a continuous function from a subset of £
into a subset of ® then it is Borel measurable.

Theorem 51 Suppose fi,i = 1,2,... are all Borel measurable functions.
Then so are

L fitfotfost+...fn

2. f1

3. cfy for any real number c.
4. fife

5. inf{fn;n > 1}

6. liminf f,

7. sup{fn;n > 1}

8. lim, oo fn

Theorem 52 If X and Y are both random variables, then' Y can be written as
a Borel measurable function of X, i.e. Y = f(X) for some Borel measurable f
if and only if

o(Y) C o(X)
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Proof. Suppose Y = f(X). Then for an arbitrary Borel set B, [Y € B] =
[f(X) € B]=[X € f~1(B)] = [X € By for Borel set By € B. This shows that
oY) C o(X).

For the converse, we assume that o(Y) C o(X) and we wish to find a
Borel measurable function f such that Y = f(X). For fixed n consider the set
Apn = {w;m2™ <Y (w) < (m+1)27"} for m = 0,41, .... Since this set is
in o(Y) it is also in o(X) and therefore can be written as {w; X (w) € By}
for some Borel subset By, , of the real line. Consider the function f,(z) =
Yo m27"I(x € By, ). Clearly this function is defined so that f,(X) is close
to Y, and indeed is within % units of Y. The function we seek is obtained by
taking the limit

We require two results, first that the limit exists and second that the limit
satisfies the property f(X) = Y. Convergence of the sequence follows from the
fact that for each x, the sequence f,(z) is monotonically increasing (this is
Problem 22). The fact that Y = f(X) follows easily since for each n, f,(X) <
Y < fu(X) + 5. Taking limits as n — oo gives f(X) <Y < f(X). m

Example 53 Consider Q = [0,1] with Lebesgue measure and define a ran-
dom variable X (w) = a1,a2,a3 (any three distinct real numbers) for w €
[0,1/4],(1/4,1/2],(1/2,1] respectively.  Find o(X). Now consider a random
variable Y such that Y (w) =0 orl asw € [0,1/2],(1/2,1] respectively. Verify
that o(Y) C 0(X) and that we can write Y = f(X) for some Borel measurable

function f(.).

3.2 Cumulative Distribution Functions

Definition 54 The cumulative distribution function (c.d.f.) of a random vari-
able X is defined to be the function F(x) = P[X < z], for x € ®. Similarly, if
1 is a measure on R, then the cumulative distribution function is defined to be
F(z) = p(—o0,x] . Note in the latter case, the function may take the value co.

Theorem 55 ( Properties of the Cumulative Distribution Function)
1. A c.d.f. F(z) is non-decreasing. i.e. F(y) > F(x) whenever y > x.
2. F(z) — 0, as x — —o0.
3. When F(z) is the c.d.f. of a random variable, F(x) — 1, as © — oc.
4. F(x) is right continuous. i.e. F(x) =lim F(x + h) as h decreases to 0.
Proof.

1. If x <y then X < x implies X <y or in set theoretic terms [X < x] C
[X < y]. Therefore P(X < z) < P(X <y).
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2. If X is a real-valued random variable then [X = —oc] = ¢ the empty set.
Therefore for any sequence x,, decreasing to —oo,

lim F(z,) = lim P(X < x,)
= P(Ny2,[X < x,]) (since the sequence is nested)
=P(p)=0

3. Again if X is a real-valued random variable then [X < oo] = Q and for
any sequence T, increasing to oo,
lim F(x,) =lim P(X < xz,)
= P(Uy2 (X < z,]) (since the sequence is nested)
=P(Q)=1.

4. For any sequence h,, decreasing to 0,

lim F(x + h,) =lim P(X <z + hy,)
= P(Ny2,[X <x+ hy]) (since the sequence is nested)
=P(X <z)=F(x)

Theorem 56 (existence of limits) Any bounded non-decreasing function has at
most countably many discontinuities and possesses limits from both the right
and the left. In particular this holds for cumulative distribution functions.

Suppose we denote the limit of F(x) from the left by F(x—) = limy F(x—h)
as h decreases to 0. Then P[X < z] = F(z—) and P[X = z] = F(z) — F(z—),
the jump in the c.d.f. at the point z.

Definition 57 Let x; be any sequence of real numbers and p; a sequence of
non-negative numbers such that ), p; = 1. Define

@)= 3 e (3.1)

{i;2;<a}

This is the c.d.f. of a distribution which takes each value x; with probability
pi- A discrete distribution is one with for which there is a countable set S with
P[X € S] = 1. Any discrete distribution has cumulative distribution function
of the form (3.1).

Theorem 58 If F(x) satisfies properties 1-4 of Theorem 19, then there exists a
probability space (Q,F,P) and a random variable X defined on this probability
space such that F is the c.d.f. of X.
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Proof. We define the probability space to be Q = (0,1) with F the
Borel sigma algebra of subsets of the unit interval and P the Borel measure.
Define X (w) = sup{z; F(z) < w}. Notice that for any ¢, X(w) > ¢ implies
w > F(c) . On the other hand if w > F(c¢) then since F is right continuous,
for some € >0, w > F(c+e¢€) and this in turn implies that X (w) > c+¢€ > c.
It follows that X(w) > ¢ if and only if w > F(c¢) . Therefore P[X (w) > ] =
Plw > F(c)] =1—F(c) and so F is the cumulative distribution function of
X. m

3.3 Problems

1. If @ = [0,1] and P is Lebesgue measure, find X~!(C) where C' = [0,1)
and X (w) = w?

2. Define Q = {1,2,3,4} and the sigma algebra F = {¢,Q, {1},{2,3,4}}.
Describe all random variables that are measurable on the probability space

(Q,F).

3. Let Q = {-2,-1,0,1,2} and consider a random variable defined by
X(w) = w? Find o(X),the sigma algebra generated by X.Repeat if
X(w) =lw| orif X(w)=w-+1.

4. Find two different random variables defined on the space 2 = [0, 1] with
Lebesgue measure which have exactly the same distribution. Can you
arrange that these two random variables are independent of one another?

5. If X;; ¢+ =1,2,... are random variables, prove that maz;<,X; is a
random variables and that limsup% >; X; is a random variable.

6. If X;; i = 1,2,... are random variables, prove that X;X5...X,, is a
random variable.

7. Let © denote the set of all outcomes when tossing an unbiased coin three
times. Describe the probability space and the random variable X =
the number of heads observed. Find the cumulative distribution function
P[X < z].

8. A number z is called a point of increase of a distribution function F' if
Flx+e¢)—F(x—¢) >0 forall e¢>0. Construct a discrete distribu-
tion function such that every real number is a point of increase. (Hint:
Can you define a discrete distribution supported on the set of all rational
numbers?).

9. Consider a stock price process which goes up or down by a constant factor
(e.g. Sir1 = Siu or Sid (where u > 1 and d < 1) with probabilities p
and 1 — p respectively (based on the outcome of the toss of a biased coin).
Suppose we are interested in the path of the stock price from time ¢t = 0
to time ¢ = 5. What is a suitable probability space? What is o(S3)?
What are the advantages of requiring that d = 1/u?
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10.

11.

12.

13.

14.

Using a Uniform random variable on the interval [0, 1], find a random
variable X with distribution F(x) = 1 — pl*) .z > 0, where |z] denotes
the floor or integer part of. Repeat with F(z) =1 —e " 2 > 0,\ > 0.

Suppose a coin with probability p of heads is tossed repeatedly. Let
A Dbe the event that a sequence of k& or more consecutive heads occurs
amongst tosses numbered 2% 2841 ... 2K*1 1. Prove that P[4, i.0.] =
1 if p > 1/2 and otherwise it is 0.

(Hint: Let E; be the event that there are k consecutive heads beginning
at toss numbered 2* 4 (i — 1)k and use the inclusion-exclusion formula.)

The Hypergeometric Distribution Suppose we have a collection (the popu-
lation) of N objects which can be classified into two groups S or F
where there are r of the former and N —r of the latter. Suppose we take
a random sample of n items without replacement from the population.
Show the probability that we obtain exactly x S’s is

(=) i)
()
Show in addition that as N — oo in such a way that r/N — p for some

parameter 0 < p < 1, this probability function approaches that of the
Binomial Distribution

f(z)=P[X =2]= x=0,1,...

)px(l -p)"F x=0,1,...n

The Negative Binomial distribution

The binomial distribution is generated by assuming that we repeated trials
a fixed number n of times and then counted the total number of successes
X in those n trials. Suppose we decide in advance that we wish a fixed
number ( k) of successes instead, and sample repeatedly until we obtain
exactly this number. Then the number of trials X is random. Show that
the probability function is:

r—1

o) = Pl =al = ({7

)pk(l—p)”_k, r=kk+1,...

Let g(u) be a cumulative distribution function on [0, 1] and F(z) be the
cumulative distribution function of a random variable X. Show that we
can define a deformed cumulative distribution function such that G(x) =
g(F(x)) at at all continuity points of g(F(z)). Describe the effect of this
transformation when

g(u) =@ (27 (u) — @)

for ® the standard normal cumulative distribution function. Take a spe-
cial case in which F corresponds to the N(2,1) cumulative distribution
function.
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15.

16.

17.

18.

19.

20.

21.

22.

Show that if X has a continuous c.d.f. F(z) then the random variable
F(X) has a uniform distribution on the interval [0, 1].

Show that if C is a class of sets which generates the Borel sigma algebra
in R and X is a random variable then o(X) is generated by the class of
sets

{(X~Y(A); AecC).

Suppose that X7, Xs,....are independent Normal(0,1) random variables
and S,, = X1+ X5+ ... + X,,. Use the Borel Cantelli Lemma to prove
the strong law of large numbers for normal random variables. i.e. prove
that for and ¢ > 0,

P[S,, > ne i.0]=0.

Note: you may use the fact that if ®(z) and ¢(x) denote the standard
normal cumulative distribution function and probability density function

respectively, 1 — ®(z) < Cx¢(x) for some constant C. Is it true that
P[S,, > V/ne i.0]=0?

Show that the following are equivalent:

(a) P(X <2,V <y)=PX <2)P(Y <y) foralzy

(b) P(X € A)Y € B) = P(X € A)P(X € B) for all Borel subsets of
the real numbers A, B.

Let X and Y be independent random variables. Show that for any Borel
measurable functions f,g on R, the random variables f(X) and g(Y)
are independent.

Show that if A is an uncountable set of non-negative real numbers, then
there is a sequence of elements of A, aq,as, ... such that Z;); a; = o0.

Mrs Jones made a rhubarb crumble pie. While she is away doing heart
bypass surgery on the King of Tonga, her son William (graduate student
in Stat-Finance) comes home and eats a random fraction X of the pie.
Subsequently her daughter Wilhelmina (PhD student in Stat-Bio) returns
and eats a random fraction Y of the remainder. When she comes home,
she notices that more than half of the pie is gone. If one person eats
more than a half of a rhubard-crumble pie, the results are a digestive
catastrophe. What is the probability of such a catastrophe if X and Y
are independent uniform on [0, 1]?

Suppose for random variables Y and X, o(Y) C o(X). Define sets by
Apn ={w;m2™" <Y(w) < (m+1)27" for m =0, £1, ...

and define a function f, by

fo(z) = Zm?nt(x € Bun)
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23.

24.

25.

26.

27.

28.

where
[X € Bl = A

Prove that the sequence of functions f,, is non-decreasing in n.

Let (9, F, P) be the unit interval [0,1] together with the Borel subsets
and Borel measure. Give an example of a function from [0, 1] into R which
is NOT a random variable.

Let (2, F, P) be the unit interval [0, 1] together with the Borel subsets
and Borel measure. Let 0 < a <c<c<d<1 bearbitrary real numbers.
Give and example of a sequence of events A,,n = 1,2, ... such that the
following all hold:

P(liminf A,,)
liminf P(A,,)
limsup P(A,,)
P(limsup A,,)

a
b
c
d

Let A,,n = 1,2,... be a sequence of events such that A; and A; are
independent whenever
li—jl=2

and ) P(A,) = oco. Prove that

P(limsup 4,,) =1

For each of the functions below find the smallest sigma-algebra for which
the function is a random variable. Q = {—2,-2,0,1,2} and

(a) X(w) = w?
(b) X(w)=w+1
(€) X(w) = |v]

Let Q =[0,1] with the sigma-algebra F of Borel subsets B contained in
this unit interval which have the property that B =1 — B.

(a) Is X(w) = w a random variable with respect to this sigma-algebra?

(b) Is X(w) = |w — 3| a random variable with respect to this sigma-
algebra?

Suppose 2 is the unit square in two dimensions together with Lebesgue
measure and for each w € Q, we define a random variable X (w) = mini-
mum distance to an edge of the square. Find the cumulative distribution
function of X and its derivative.
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29. Suppose that X and Y are two random variables on the same probability
space with joint distribution

Pc=my =n={ TGN

Find the marginal cumulative distribution functions of X and Y.



