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This supplementary material consists of seven sections. Section S1 reviews the results of the
main paper and provides the regularity conditions needed in Theorems 1-3. Section S2 presents
a proof of Corollary 1. Section S3 presents preliminary work for our proofs of Theorems 1-3,
which are provided in Sections S4-S6, respectively. Section S7 contains additional simulation

results.

S1 Main results of the paper

S1.1 Model setup and identifiability

Suppose {(y;,x;,d;),i = 1,...,n} are n independent and identically dis-

tributed copies of (Y, X, D), where the covariates x; are always observed,
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and y; is observed if and only if d; = 1. Suppose there are n; completely
observed data and no partially observed data. Without loss of generality,
we assume that d; =1,i=1,...,nyand d; =0,i=n;+1,...,n.

We assume that the missing probability satisfies the logistic regression

model,

exp(a” +x"B+y7)
1+ exp(a +x75 +y7)’

and pr(y|x, D = 1) = f(y|x,§). Let n = pr(D = 1) and a = a*+log{n/(1—

n}

The parametric model for the conditional distribution of Y given (X =

pr(D =0|x,y) = (S1.1)

x, D = 1) and (S1.1) together imply two DRMs:
pr(ylx, D =0) = exp{yy —c(x,7,8)}f(yx, ), (S1.2)
pr(x[D=0) = explatx"B+ec(x,7E)}pr(x|D=1), (SL3)
where

c(x,7.6) = 1n { [ et sl 5>dy} | (51.4)

Based on (S1.2)—(S1.3) and the fact that ¢ is identifiable, we have the

following lemma regarding the identifiability of («, 3, 7).

Proposition 1 of the main paper. Let S be the common support of

pr(x|D =0) and pr(x|D = 1), and

Q={h(x): S— R|Ia,B,7) such that Vx € S, h(x) = a+x'f+c(x,7,£)}.



S1. MAIN RESULTS OF THE PAPER3
If for any h(x) € Q, there exists a unique («, 5,7) such that h(x) = a +

x'B+ c(x,7,E), then («, 5,7) is identifiable.

Applying the above proposition, we find that («, 8,7) is identifiable in

two specific cases.

Corollary 1 of the main paper. Suppose the logistic regression model
in (S1.1) holds and that the density function of Y given (X =x,D =1) is

flx, ).

(a) If there exists an instrument variable z in x, then («, [3,7) is identifi-

able.

(b) Assume that the set S in Proposition 1 of the main paper contains an

open set, and c(x,7,&) can be expressed as

k
o(%,7,6) = > ai(1)gi(%) + ax11(7) + X ap1a(7)
i=1
for some positive integer k, and continuous functions a;(7y) (i =1, ..., k+

2) and g;(x) (i = 1,...,k), where 1,x,g1(X),...,gx(X) are linearly
independent, and a;(y) (j = 1,...,k) are not equal to the zero func-

tions. If (a1(m),...,ax(n)) # (a1(72), ..., an(72)) for any v # .

then («, 8,7) is identifiable.
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S1.2 Empirical likelihood

Let 0 = (o, 87,7,£")" and t(x,0) = a+x"f+c(x,7,£). In the main paper,

we showed that the profile log-likelihood of (n,0) is

Un, 0) = l1(n) + £2(0), (S1.5)
where
l1(n) = nilog(n) + nylog(l —n) (S1.6)

and

GO) = D los{fxi O} + D {txi 00} — D log{1+ Alexp{t(x:.6)} — 1]}

i=ni1+1

with A being the solution to

L ewf 0}y -1
ZZ:; 1+ Mexp{t(x;,0)} —1] 0. (S1.7)

The MLE of (1, 0) is defined as
(9,0) = arg I%%Xﬁ(n, 0). (S1.8)
Equivalently, 7 maximizes ¢1(n), which gives 77 = ny/n, and
0 = arg max 05(0).

The likelihood ratio function of 8 is defined as

R(0) = 2{max £(n, 0) — max ((n, 0)} = 2{t>(6) — £:(6)}.
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Further, denote the truth of (1, 8) by (6o, n0) with 6y = (v, By s 70,&0) "

and 1y € (0,1). We assume that the proposed models satisfy the following

regularity conditions on f(y|x, &), which mimic those for the consistency

and asymptotic normality of the MLE under a regular parametric model
on pp. 144-145 of Serfling (1980).

Regularity Conditions:

(A1) In a neighbourhood of &, log{ f(y|x, &)} is three-times differentiable

with respect to & for any (y,x).

(A2) For (v,&) in a neighbourhood of (7o, ) and any x on S, the inequality

J e fylx, €)dy < oo holds.
(A3) The matrix V' defined below in (S1.9) is well defined and nonsingular.

(A4) There exists a function M(x) not depending on (v,¢) such that
E{M(X)} < oo and
| [ ervestm e +| [ e Teertvx |
#| [ e Vecer i | < 2

uniformly for (v, £) in a neighbourhood of (7o, £y) and a neighbourhood

of (0,&). Here Vef(y|x,€), Veef(ylx,€), and Veeef(y|x, &) are the

first, second, and third derivatives of f(y|x,&) with respect to &.
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We now give the formal definition of the matrix V', which is closely

related to the asymptotic variance matrix of 6. Define

(1 —mn)exp{t(x,0)}
n+ (1 —mn)exp{t(x,0)}

and we write 7(x) = m(x; 0y, o) for abbreviation. Let dy denote the dimen-

m(x;6,n)

sion of  and e; be a dy x 1 vector with the first component being 1 and

the remaining components 0. Finally define
=E[{1 - n(X)}r(X){Vot(X, 0)}**] + E[DLAVf(YIX, §)}**1], (S1.9)

where Vy is the differentiation operator with respect to 0, I, = (Odéx(gﬂlﬁ), Iy, ng),

and B®? = BB for any matrix or vector B.

Theorem 1 of the main paper. Suppose Conditions (A1)-(A4) hold.
Assume that the logistic regression model in (S1.1) holds with («g, Bo, Vo) in
place of (o, B,7), and that the density function of Y given (X =x,D = 1)
is f(y|x,&). Further, assume that 6 is identifiable. Then as n — oo,

(1) V(0 —00) — N(0, V=1 = {no(1 — no)} 'ere]) in distribution with V

defined in (S1.9);
(2) R(6) — x3, in distribution.

In the main paper, we define the MLE of u as

12 I, y{77+ — i) exp(a +x] B+ 4y) } f(y]xi, §)dy
ni= — i) exp{a +x{ B+ c(xi, 7, )}

L= (S1.10)
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The next theorem studies the asymptotic normality of j in (S1.10).

Theorem 2 of the main paper. Under the conditions of Theorem 1 of
the main paper, asn goes to infinity, /n(fi—u) — N(0,0?) in distribution,

where 0% = Var{ K (X; 0y, n0)} + ATV =LA with V given in (51.9),
_ Jyln+ (1 —n)exp(a+ x5+ )} f(ylx, §)dy

K(XJGW) - 77"‘(1_77> exp{oz—l-XTﬁ"‘c(Xv%g)} 7

and A =TE{VeK(X;0p,1m0)}.

Theorem 3 of the main paper. Under the conditions of Theorem 1 of
the main paper, the MLEs (8,7) in (S1.8) and fi in (S1.10) are both semi-
parametric efficient, in sense that their asymptotic variances both attains

the semiparametric efficiency lower bounds.

S2 Proof of Corollary 1 in the main paper

We first consider Part (a). Since z is an instrument variable, (S1.3) becomes

pr(x|D=0) = exp{a+u B+ c(x,7,€)}pr(x|D = 1).

The identification of (o, 3,7) is equivalent to the identification of («, 3, )

ina+u'f+cx,7,E).
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Recall that f(y|x,§) = pr(y|x, D = 1). Then
flylx,&) = pr(ylx)pr(D = 1|x, y)//pr(yIX)pr(D = 1|x, y)dy
~ prlylewpr(D =1y / [ pr(ulz (D = 1. )dy,

Since z is an instrument variable, it follows that f(y|x, &) must depend on

z, and so must ¢(x,,&). Suppose (aq, 81,71) and (g, P, V) satisfy
a;+u' B+ e(x,71,€) = ag +u' o+ c(x,72, )
for all x, which implies
c(x,71,€0) — e(x,72,&0) = (a2 — a1) +u' (B2 = fr).

Since the left-hand side depends on z, while the right-hand side does not, we
must have v; = 75, which further implies that oy = a5 and ; = f5. This
indicates that the parameters («, §,7) are identifiable, which completes the
proof of Part (a).

We next consider Part (b). Suppose (aq, £1,71) and (aw, B2, 72) satisfy

a1+ B x +e(x,71,8&) = a0 + By x + ¢(x,72,&0)

for all x € S. According to the expression for ¢(x, 7, &), this implies that

ai(71)gi(x) +{a1 + arr1(n)} +x{B1 + any2(n)}

M-

i=1

WE

ai(72)9i(x) + {2 + arpp1(72) } + X {B2 + arya(12) }-

<.
I
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Since 1,x, g1(x), ..., gr(x) are linearly independent, it follows that

(al(’Yl),---,ak(’Yl)) = (al(’y2)7”‘7ak(’y2>)7
a1+ apei() = s+ aps(72),

Bi+ap2(n1) = Bo+ ars2(y2)

hold simultaneously. Because (ai(m1),...,ax(1)) # (a1(72), .-, an(72))
for any 7, # 79, the first equation implies 74 = 3. Then the last two
equations lead to a; = ap and 31 = (5. This completes the proof of Part

(b) and that of Corollary 1 in the main paper.

S3 Preparation for proving Theorems 1-3 in the main
paper
S3.1 Re-expression

It can be verified that

€2(0) = h(8, M),

where

n

BOA) = 3 lo{f(ulxi O+ 3 0x:,0)

i=ni1+1

— > “log{1+ Aexp{t(x;,0)} — 1]} (83.1)

i=1
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and Ay is the solution to V h = 0.
Let A be the solution to (S1.7) with @ in place of §. We first discuss

some properties of . It can be verified that (é, 5\) satisfy

Voh(0,)) =0, Vih(d,\) =0

Note that
L eXp{t Xis )} 1 —
Viah(0,2) = Z 1+ Aexp{t(x;,0)} — 1] v
- eXp{t Xi, )} —
Vah(ev >\) - AZ 1—}—)\6Xp{t Xiy )}_1] -

together imply that

A= ny/n, (S3.2)
which converges in probability to A\g = 1 — 7.

For convenience of presentation, let w = (6", \)". It can be verified
that @ = (§7,\)7 is the solution to dh(A, \)/dw = 0. To investigate the
asymptotic properties of (9, 5\), we need their approximations, which can be
obtained via the second-order Taylor expansion of A(#, \) around w = wy =
(6, X0)". In the next subsection, we derive the forms of Oh(6y, \g)/Ow and

0*h(09, \o)/(Owdw™) and study their properties.



S3. PREPARATION FOR PROVING THEOREMS 1-3 IN THE MAIN PAPER11

S3.2 First and second derivatives of h(f,\) at w = wy

For convenience of presentation, we write m; = m(x;). Denote

Up = (Un1,u,0) ", (S3.3)
where
w1 = Voh(fo, do) = > [(1— di = 7:) Vot (xi, o) + diLe Ve log{ f (yilxi, ) }]

Uns = Vah(0, Xo) = 1 WIEW! > (o).
o 0 =1

After some calculation, it can be verified that the second derivatives of

h(6,\) at (6y, Ag) are

Voorh(0o, Xo) = Vo= dil.Veelog{f(uilxi, &)} ]

i=1

+ Z(l — dz — Wi)VQQt(Xi, 90)

- Z (1 — 7)) {Vot(xs, 00) } 2,

1
VGAh(QO, )\0) = mvnel,

1 n
h(6y, A = - A
V)\)\ ( 0 0) )\%(1 _)\0)2 ;( 0
S3.3 Some useful technical lemmas

When deriving the asymptotic distribution of 8, we need to use E{Vggmh(0o, Xo)},

E{Vgxrh(60o, o)}, E{Vrh(6o, Xo)}, and the expectation and variance of u,
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defined in (S3.3). We need the following lemma to simplify our calculation.

Lemma 1. The following equations hold:

E[d;Velog{ f(yilxi, &)} = 0, (S3.4)
E[d;Veelog{ f(yilxi, &)} = ~E{di[Velog{f(yilxi,&)}*}, (83.5)
— B{Varh(fo, M)} = V. (53.6)
—%E{Vexh(eo, o)t = ﬁvel’ (53.7)

1 . eIVel — )\0(1 — )\0)
L ELVah(l 00} = Sl T (53.8)

Proof. By the fact f(ylx,¢) = pr(Y = y|X = x, D = 1), it can be verified
that
E[Velog{ f(vi|xi, &)} xi,di=1] = 0,

E[Veelog{f(yilxi, &) Hxiydi = 1] = —E{[Velog{f(vilxi,&)?|xi, di = 1},

which imply respectively Equations(S3.4) and (S3.5) by conditioning on
Equations (S3.6) and (S3.7) follows immediately from (S3.5). To prove

(S3.8), by noticing
M=1—n=pr(D=0) and =(x)=pr(D = 0|x),
we have E{m(X)} = A\¢ and

%E{vm(eo, M)} = B — m(x)}? = E[{m(X)}2] — A2, (S3.9)
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Since e] Ve, = E[x(X){1 — 7(X)}] = —E[{#(X)}?] + Ao, Equation (S3.8)
follows by comparing this equation with (S3.9). This finishes the proof. [

The final lemma presents the expectation and variance of wu,,.
Lemma 2. With u,, defined in (53.3), we have E(u,) =0 and

1 \% 0

—Var(u,) =U =

n 0 Z€lVeitio(1-Xo)
)\(z)(l—Ao)2

Proof. The result E(u,2) = 0 follows from 7(x) = pr(D = 0|X = x) and
Equation (S3.4).
For Var(u,), we first calculate Var(u,s). It can be seen that

1
A3(1— Xg)?

1

= W[E{W(Xi)}2 - >\(2)]-

%Var(um) E[{Xo — 7(x:)}’]

We have shown that e] Ve, = —E[{m(X)}?] + A in the proof of Lemma 1.

Therefore

1 —eTVel + )\0(1 — )\0)
v o) = 1
- ar(uys) (1= )2

It remains to calculate Var(u,;). Re-write

n
Upl = Z(Unn,i + Un124)s

i=1

where

Unin; = (1 —d; —m)Vot(xi,6)

Upi2,i = di]evglog{f(yi|xi750)}-
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Since both w11, and wu,19; have mean zero, it follows from equality (S3.4)

that

1
gVaT(Unl) = E{(un11 + tn12,) %} = E(uity,;) + E(uih,).

Because E(d; = 0|x;) = pr(D = 0|X = x;) = 7(x;), by conditioning on x;,

we have
E(uyt;) = E{(1—di —m)Vot(xi, 00)}%]
= E[(m(x){1 — 7(x:) H{ Vet (x;, 00) }**].

Clearly E(u2,, ;) = E[d; 1.V log{ f (yi|xi, &)} This proves ~Var(u,i) =V

by comparing the expression of V with +Var(u,). O

S4 Proof of Theorem 1 in the main paper

We start with Part (a). Using a similar argument to that used in the
proofs of Lemma 1 and Theorem 1 of Qin and Lawless (1994), we have
0 = 0+ Op(n~"/2) and X\ — Ay = O,(n"'/?). Next we investigate the
asymptotic approximation of 6.

The maximum likelihood estimator 6 of 6 and the associated Lagrange

multiplier A must satisfy
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Applying a first-order expansion to the left-hand side of the above equation

gives
Voh(6, Xo) Voo h(00, Xo)  Varh(y, \o) 0 — 0, »
0= + +o0,(n'/?).
Vah(6o, Ao) Vaeth(bo, Xo)  Varh(6o, Ao) A— Ao
(54.10)
By Lemma 1,
Vg h(0o, o) Vorh(6g, \o)
= —nW 4+ o0,(n), (S4.11)
Viemh(6o, Ao) Varh(6o, Ao)
where

V —L_ Ve,
Ao(1—=Xo
W= (=)
1 T eJve;—Xo(1-Xg)
Mo (1) €1 4 A2 (1=20)2

Recall that u,, = (Vgh(y, Xo), Vah(6o, No)). Combining (S4.10) and (S4.11),

we get
é— 90 1
= EW_lun + 0,(n"1?). (S4.12)
A=
Note that [W| = —|V|-|Ao(1=Xo)| = —|V]|-|n0(1—n0)| and we have assumed

that 79 € (0,1) and V' is nonsingular, the matrix W is nonsingular and its

inverse W1 is well defined. Since

eje] e

Wt = : (S4.13)
ef —)\0(1 — )\0)



16 YUKUN LIU, PENGFEI LI, AND JING QIN

we have

0—0p=n" ( Vol — ,\0(1130)616{ e ) tn + 0p(n~/?). (54.14)

With Lemma 2, we can verify that

1
-1/2 _ 1 _ e T
Var {” ( [ vy S ) ““} ‘ Mol — hg) 2ot

Note that u, is the sum of independent and identically distributed random

vectors. Hence,

~

il — 6y) — N(o, vl ¥e1e1>

in distribution. This completes the proof of Part (a).

Next, we consider Part (b). Recall that R(6) = 2{¢5(0) — ¢5()}. Then
R(0y) = 2{h(0, X) — h(fy, Aa,)}, where Ay, is the solution to dh(fy, \)/OX =
0.

Applying a second-order Taylor expansion to h(é, 5\) and using (54.12),

we have

h(d,}) = gu;W—lun + 0,(1). (S4.15)

Following a similar argument to that for (S4.15), we get

2 AS(1 = Ao)?
2 " X\(1—Ng) —e] Ve,

10, Ny) = +o0,(1). (S4.16)
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Combining (S4.15) and (S4.16) gives

V_l — el?IT (S5
R(0y) = nu Aot=20) Uy, + 0,(1).
el Ao(1-Xo)€] Ve,
1

Ao(1=Xo)—€] Ve,

Since W~ are invertible, the matrix V=1 — {\o(1 — \g)} 'eje] is also

invertible. Let

Up = Unl + [V_l — {)\0(1 — Ao)}_leleﬂ -1 €1Upo.

After some algebra, R(6y) can be written as

R(0p) =nv,y [V = {Xo(1 = o)} tere] ] vy + 0p(1).

With Lemma 2, we can further verify that E(v,) = 0 and

VeelV B
M(1—Xo) —e]Ve,

Var (n_l/Zvn) =V+ [V_l —{ (1 - AO)}_leleH_l :

Hence, R(#) — x3, in distribution. This completes the proof of Theorem

1 in the main paper.
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S5 Proof of Theorem 2 in the main paper

Recall that /) = n,/n = 1 — X with 7y = pr(D = 1). Then /i in (S1.10) can

be rewritten as

i = zpz [ [ vt (L= yexpa -+ x7 6+ 3)} (b dy

ny{n+ i) exp(& +x; B+ 4y)} f(y]xi, €)dy
P i+ (1 —7) exp{d +x; B+ c(xi, %, €)}

= 'Y K(xi;0,9),
i=1
where

Jy{n+ 1 —n)expla+x"B+yy)}f(ylx, &)dy

K(x;6,m) n+ (1 —n)expla+x B+c(x,7,6)}

Applying the first-order Taylor expansion and the law of large numbers,

we have

lZ (x5 60, 10) + AT(6 — 00) = B{(1 — ) — (1 — )} + 0,(n""),

3

where A = E{V,K(X;0y,1m)} and B = E{V,K(X;0y,1n)}. Hence, with

Equation (S4.12) and /) = 1 — A, we have
1 n
= Z{K(Xi; 0. m0) — pu} +n (AT, =B)W  u, + 0, (n17?).
=1
We first argue that E{K(X;0y,10)} = . By (S1.3), we have

pr(x) = {no + (1 — no) exp{ao + x' Bo + ¢(x, Y0, &0) }pr(x|D = 1). (S5.17)
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It then follows that

E{K(X; 0o, 770)}

B / J, ydno + (1 —no) explao +x"Bo + v0y) }f (y]x, o) dy
- Jx 1o + (1 = mo) exp{ag + xS0 + ¢(x, 70, %0)}

_ /X / y{m0 + (1 — 7o) explan + X o+ 109)} £ (], £0)pr(x| D = 1)dydx

pr(x)dx

:(//M%+G—W%ﬂ%+f&+mewﬂD=D@W
X Jy

=‘/ymmw@wzw
X,y

After some calculus, we found that —B = ATe;/{(1 — no)no}. With

(S4.13), we have

(AT, -BYW tu,
. e V_l — Melef €1 Un1
=4 L =)
0 0 ef —)\0<1 — )\0) Un2
= ATV_lunl.
Since E(un|x1,...,x,) = 0, we arrive at

Cov <Z K(x;;60,m0), (A", —B)W_lun>

i=1

= COV (Z K(Xl, 90, 7]0), ATV_lum)

1=1

= 0.

Finally, By Lemma 2 and the central limit theorem and Slutsky’s the-
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orem, we have
V(i —p) = N (0,6%),

where 0? = Var{K(X;0y,n)} + A"V ~'A. This proves Theorem 2 of the

main paper.

S6 Proof of Theorem 3 in the main paper

S6.1 Preparations

The observed data are (d; = 1,x;,4;) (i = 1,...,n1) and (d; = 0,x%;)

(t=mn1+1,...,n). We make two parametric assumptions:

1
L+ exp{a* + X7+ 7y}’

pr(Y =y|X=x,D=1) = f(yx¢).

pr(D=1X=x,Y =y) =

Recall that n = pr(D = 1) and ¢(x,7,§) = log [ " f(y|x,§)dy. Let ¥ =
(8,7,€) and r(x,9) = x"8 + c(x,7,&), so that = («,9")" and t(x,0) =

a+r(x,9). We have shown

pr(y,x|D=0) = exp{a+x"8+yytpr(y,x|D = 1),

pr(X =x|D=0) = exp{a+r(x,9)}pr(X =x|D=1),

where o = o* +log{n/(1 —n)}.



S6. PROOF OF THEOREM 3 IN THE MAIN PAPER21

In addition,
E(1-D|X=x)=pr(D=0X=x)=mn(x;a,9,7),
where we have defined

o p) = =it 0)) (1= n)explatr(x, 9)}

n+(1—n)exp{t(x,0)} n+(1—n)exp{a+r(x,v)}

with 7(x) abbreviation for 7(x; 6y, 7).
The observed data are iid from (D,X,Y), where Y is empty when
D=0,and Y =Y when D = 1. The joint distribution of (D, X,Y) is
{pr(Y = y|X =x,D = D)pr(X = x|D = 1)pr(D = 1)}
x{pr(X =x|D = 0)pr(D = 0)}'™
= {pr(Y =y[X =x,D =1)pr(D = 1)}
< {exp(t(x, 0))pr(D = 0)}1~ x pr(x|D = 1)
= {flylx, " x {exp(a +r(x,9))(1 =)}~ x pr(x|D = 1).
Here all except pr(X = x|D = 1) are completely parametric, and we regard

pr(X = x|D = 1) as an infinite-dimensional parameter, or simply
pr(X =x|D=1)>0, /pr(X =x|D =1)dx = 1.

Therefore our imposed model is clearly semi-parametric.
Throughout this section, we use g(x,() to denote a parametric sub-

model for pr(X = x|D = 1) with g(x, () being the true model. The joint
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density function of (D, X,Y) is

h(d,x,y;0,9.1,0) = {f(ylx, & x {exp(a+r(x,9))(1 — )}~ x g(x,¢).

It is worth noting that « is not free but is a function of (¢, ¢) and determined

by
1= /exp{a +r(x,9)}g(x, ¢)dx. (56.18)

The following three functions will be useful in our proof:

0 log h<d7 X, Y; o, 1907 No, CO)

B1<d,X,y) = B
= (1 =d){Vya(d) + Vyr(x,9)} + dl. V¢ log f(y]x, &),
dlog h(d,x,y; ag, Vo, M0, Co) D —mno
B d, X, = = ,
2(d %) on Mo(1 —no)
dlog h(d,x,y; ag, Yo, Mo,
Buld.xy) — DREMEXB QI IG) g0 g

where I, _; is I. without the first row.

S6.2 Semiparametric efficiency of (é,ﬁ)

We have shown that

0—0 = n' ( V-l — melef e ) Up + Op(n_l/z),
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where u,, = (u,;, u,2)" with

n

Upp = Z (1 —d; — 7)) Vgt(x;,00) + dil. Ve log{ f(yi|xi, &0) }

i=1
n

1
Up2 = mZ()\Q—ﬂ'i).

i=1
Therefore
1
Ao(1 = Ao)

! er S (=)} + o,

no(L—mno) =

0—0, = n~HV  uy,, — €€ Uy + ey} + Op(n_l/Q)

= n_l{v_lunl +
= n' [V_l(l —d; — Wi)VOt(Xi, 90) + V_ldi]eV§ log{f(yi‘xi’ 50)}

i=1

1

_i_i
no(1 —10)

e1(d; = m)}| +op(n172).

Then the respective influence functions of  and 7) are

0o(D,X,Y) = VY1 =D —na(X))Vet(X,6) + VDI Vlog{f(V|X, &)}

(D — o)

+
no(1 —10)

€1

and ¢,(D,X,Y) = D —ny. We prove only the semiparametric efficiency of
é; the semiparametric efficiency of 7 can be proved in the same way with
less algebra.

Referring to the established theory for the semiparametric efficiency
bound, for example Chapter 3 of Bickel et al (1992) and Newey (1990), we
need to show only the following two results to establish the semiparametric

efficiency of 6:
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(a) 6 is a regular estimator of y;

(b) there exists a parametric submodel with hy(d, x, §) the joint density of
(D, X,Y) such that the true model is ho(d,x, ) and

~ Olog hy(d,x,7)

d,x, )
wo(d,x,y) o0 .

Proof of (a)
By Theorem 2 in Newey (1990), arguing 0 is a regular estimator of 6,

is equivalent to showing that

Zl = E{QOQ(D,X,Y)B;(D,X,Y)}
00
. — (Vya, Ip)7, S6.19
AU 1(60,m0,¢0) ( o dﬂ) ( )
o0
Zy, = E{pp(D.X.Y)By(D.X.Y)} = 2 —0,  (S6.20
2 {0 ) Ba( )} 9|60 (56.20)
00
Zy = B{eo(D.XY)B{(D.XY)} = go| =0, (86:21)

where throughout this section [E takes expectation with respect to h(d, x, y; 0o, 10, Co)-
(1) Proof of Equality (S6.19)

Since E{DV¢log f(Y|X, &)X} = 0, it follows that

Zl - E{SOQ(Da Xa Y)B;—(D> X> Y)}

= E[(1—-D —a(X))V'Vyt(X,00)(1 — D){Vya(dy) + Vor(X,0)}]

+E[(1 - D)r(X, 90)%

+E[DV L.V e{log f(Y[X, &)} 1]

el{Vﬁa(ﬂg) + Vﬂ}T]
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= E[r(X)(1 — 7(X))V " Vet(X, 0p){Vya (o) + Vyr (X, 00)}]
(1 - D)no
(1 —no)
+E[DI.V{log f(Y]X, &)} 1] V]

—E| el {Vya(dy) + Vyr(X, 6y)} " }]

— eu{Toalt)) + B Ler{Toalda) + Vor(X, 60} H + LI,

—7/0

where we have used the definition
V =E[{1 - n(X)}r(X){Vet(X,0)}**] + E[DLAV f(Y|X, )} L]
Taking derivative with respect to ¢ on both sides of (S6.18) gives
0 = [{¥oaldo) + Torx,vo)} expfatda) + r(x, do)}g(x, G)dx.

This together with g(x, (y)dx = dF (x|D = 1) leads to

el Bl{Vaa(vo) + Var(X, 60)}r(X)}]

o -
- 1 o € /{Vﬂa(ﬁo) + Vr(x,vg) } exp{a(ty) + r(x,00) }g(x, (o) dx

= 0.

Therefore, we have
Zy = Vya(lo)e] + Ie]eT,_1 = (Vﬂaagﬁ)T-

This proves (S6.19).

(2) Proof of Equality (S6.20)
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Since Epg(D, X,Y) = 0, we have

Zy = E{By(D,X,Y)ps(D,X,Y)}
1
1 -1
- mﬂz{_pv m(X)Vgt(X, 6p) + D
+DV LV log{f(Y|X,&)}}
1 T1-x T e
- mE{—V (1 = m(X))m(X)Vot(X, b) + er}

= 0,
where the last equality holds because
E{W(X)(l — W(X))V@t(X, 90)} = Vel.

This proves Equality (56.20).
(3) Proof of Equality (S6.21)

Since

E{eo(D, X, Y)[x} = er{l —no —m(X)},

1
no(1 — o)

we have

Z3 = E{SOQ(Da Xa Y)B?T(D> X> Y)}
1

1o(L —10)
1
= —mE[elﬂ-(X>VCT logg(X‘7 CO)]

= EJ er{l —no—m(X)}V,rlogg(X, ()]
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Taking derivative with respect to ¢ on both sides of Eq (S6.18) gives

0 = /exp{ao + 7(x,Y9) H{V¢log g(x, (o) }g(x, (o)dx
1 —7m(x)

r(x)dx
o pr(x)

_ / exp{ag + r(x, 90) }{ V¢ log g(x, o)}

- / (Velogg(x. o)}

m(x)
no(1 = 10)
m(X)
no(1 —10)"

pr(x)dx
= E[{V(logg(X, )}

which means Z3 = 0. This proves Equality (S6.21) and also completes the
proof of (a).
Proof of (b)

Consider the following function

hlﬁ(d? X, ?j) = {1 + @DW(da X, y)} X {f(y|xa 50)770}d

x{exp(ag + 7(x,90)) (1 — no) } g (x, Co).

Suppose the support of (X,Y) is compact, then it can be verified that the
function

1

0o(D,X,Y) = V11 —D—n(X))Vet(X,b) + o =)

e (D —no)

+V DIV log{ f(Y|X, &)}

is bounded. Because E{py(D,X,Y)} = 0 where E takes expectation with
respect to h(d,x, y; g, Yo, No, (o), the function hy(d, x,7) is a density func-

tion when v is small enough. When ¢ = 0, it reduces to the true joint
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density function h(d,x,y; ao, Jo, Mo, (o). 1t is easy to check that hy,(d, x, 7)

with small enough 1 is a parametric submodel and

Viﬁhd) (dv X, g) " = ¥y (dv X, y)

This proves (b), and hence proves the semiparametric efficiency of 9.

S6.3 Semiparametric efficiency of /i

The population mean can be expressed as

po= / /X ypr(y/x, D = Dpr(x|D = 1)pr(D = 1)dxdy
+f /X ypr(y/x, D = 0)pr(x|D = 0)pr(D = 0)dxdy
)
_ / /X ypr(yl%, D = Dpr(x|D = 1)dxdy
T / /X yexp(a +x"B+1y)pr(ylx, D = pr(x|D = 1)(1 - n)dxdy

- /X [/y{ﬁ + (I —=n)exp(a+x"B+yy) }f(y|x,§)dy | dF (x|D = 1).

Y

The proposed mean estimator is

PR i Jy vl + (1= ) exp(é + x] B +3y) 1 (ylxi, ) dy
i i+ (1 =) exp{a+x/ B+ c(x:,4,8)}

- n_l Z K(X“ éa ﬁ)a
i=1

where

. Syl + (L =n)expla+x"B+yy)} f(ylx,&)dy
Blocbn) = i epla s x B T 7.0
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Recall that A = E{VeK(X;60,10)}, m = 7(x;) and I = (0gex(2+dy)> Lde xde )-

We have shown in the proof of Theorem 2 that
. 1 _ _ _
p=n== Z{K(Xi§ 0o, 10) = s} + 1 ATV g+ 0y(n 2),
i=1

Where Unp1 = Z?:l [(1 — dl — Wi)VQt(XZ', 00) + dilev§ lOg{f(yZ‘Xl, é-())}] . Equiv—

alently

: Ly s
p—po= =D {K(xibo,m0) = po + (1= di = m) ATV Vit (xi, o)
i=1

+diATV_1IeV§ lOg .f(yz|xw 50)} + Op(n_1/2)a
which implies that the influence function of f is

SOM(Da Xa Y) = K(X7 907 770) — Mo + {1 - D - W(X)}ATV_1V9t(X, 90)

+DATV L Velog f(Y]X, &).

Similar to the proof of the semiparametric efficiency of é, we need to
show only the following two results to establish the semiparametric effi-

ciency of ji:
(al) fis a regular estimator of pg;
bl) there exists a parametric submodel with A} (d,x,y) the joint density
P

of (D, X,Y) such that the true model is h%(d,x, ) and

dlog hy,(d,x,7)
oY wzo'

@u(d, Xa y) =
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Proof of (al)

Under the submodel g(x, () for pr(X = x|D = 1), we can write u as

p=nl0..0= [ [ [t (= mespla x5+ 30070l )y | g, .

Define w(x,y) = (x",y, Verlog f(y[x,&))". The partial derivative of 1 is

Vou(bo,m0) = /X/y{no + (1 —no) exp(ao +x" fo +70y)}
Yy

X{vﬂa(ﬁO) + w(X7 y)}f(y|xv £0>dyg(xv C)dx

By Theorem 2 in Newey (1990), arguing i is a regular estimator of p

is equivalent to showing that

a,u(e()a Mo, CO)

O = E{pu(D.XY)B(D,X,¥)) = P0) (g 99)
Cy = E{@H(D,X,Y)BQ(D,X,Y)}:(MQ%’—:ZO’CO), (S6.23)
Cy = E{gpM(D,X,Y)Bg(D,X,Y)}:aMwO&’—gO’CO), (S6.24)

where E takes expectation with respect to h(d, x, y; 0y, 1m0, (o). Keep in mind
that « is a function of ¥ and (.

(1) Proof of Equality (S6.22)

Since E{DV¢log f(Y|X,&)|X} = 0, it follows that
G = E{eu(D,X,Y)By(D,X,Y)}

= E[(1 - D)Ve{Vya(th) + Vir(X, bo) HK(X; b0, 10) — p0}]

+E[(1 — D){1 — D — n(X)H{Vga(do) + Var(X, )} Vor t(X, 65)V 1A
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+E[DVel. 1{log f(Y[X,&)}** ]V A]
= E[r(X){Voa(to) + Vor(X, o) HE(X; 6o, 1m0) — po}]
+E[r(X){1 — m(X)HVt(X, 00)} 22V A]
+E[DVel. 1{log f(Y[X,&)}** 1]V A]

= ErX){Vsa(do) + Var(X, 00) HE(X; 00, 10) — po}] + As,

where A_ is A without its first component and we have used the definition
of V.

Because

VﬁK(X; 90, )\0)

J y{Vya(do) + w(x,y) }roexp(an + X" So + 0y) [ (y|x, &o)dy
(1= Xo) + Aoexp{t(x,6y)}

Ao exp{t(x,6y)}
(1= o) + Ao exp{t(x, 6)} {Vya(ty) + Vyr(x,0p)}

- 2 ;0770 {1—7m(x)}- /y{Vﬂa(ﬁo) +w(x,y)} exp(ag +x" By + 70y) f (y]x, &o)dy

— I (x; 60, Ao)m(x){Vya(Vo) + Vr(x, 60)},

—K(X; 90, )\0)

we have

A_l = E{VﬁK(X; 90, )\0)}
1—

"o

—E[K(x; 0y, A\o)7(x){Vya (o) + Vyr(x,0)}]

:E[

(1 - n(x)} / Y {Voa(0o) + w(x,y)} explao + x" fo + 10) f (1%, €)dy]
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= /(1 — 1) /y{Vﬂa(ﬁo) + w(x,y)}exp(ag +x" By + Y0y) f(y]x, &o)dy|dF (x|D = 1)

— /K(X; 0o, o) (1 — mo) exp{t(x, 00) H{ Vo (Do) + Vyr(x, 6y) }dF(x|D = 1),

where we have used ¢(x,6) = a + r(x,9) and

pr(x) = 17— ) pr(x|D = 1).
It follows that
€ = Br(X){Voallo) + Vor (X, 0o KK (X . m) o] + A
_ / (1~ o) exp{t(x, 00) HV (o) + Vor(x, 9o} { I (x: 60, Ao) — pro}dF(x|D = 1) +
+ [(0=m) [ (Ta000) + wix 9)}explao + ' 6o+ 200) ol &gl (1D = 1
- / K (x; 60, Xo) (1 — mo) exp{t(x, 0o) H{Voa(do) + Vyr(x, 00) }dF (x| D = 1)
S / (1 — o) explt(x, 60) HV su(do) + Vgr(x, 9o} dF(x|D = 1) +

+ [=m) [ (Taa00) + wx o) explao + X' 6o+ 200) ol &gl (KD = 1)
Taking derivative with respect to ¥ on both sides of (S6.18) gives
0 — / [Voa(Fo) + Var(x, o)} exp{a(de) + r(x, 99) }g(x, Co)dx.
Since g(x, Co)dx = pr(x|D = 1)dx = dF(x|D = 1), it follows that
¢ = /(1 — o) /y{Vaa(ﬁo) +w(x,y)} exp(ag +x' By +70y) f (y[x, {o)dyldF (x| D = 1),

which is exactly Vyu(6o, 10, Co)-

(2) Proof of Equality (S6.23)
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Since Ep,(D,X,Y) = 0, we have

Cy = E{B:(D,X,Y)p,.(D,X,Y)}

1
= mE{DQPu(Da X, Y)}
1 Ty —1
= mE{DK(X; 00,10) — poD — m(X)DATV V4t (X, 6))
+DATV L Velog f(Y X, &)}
1
- ml@{(l — (X)) K (X; 00,m0) — po(1 — 7(X))

—7(X)(1 — (X)) ATV Vet(X, 0p)}

1 T
= m[E{(l — (X)) K(X;00,m0)} — pono — A'eq],

where the last equality holds because Ve, = E{n(X)(1—7(X))Vgt(X,6p)}.

Meanwhile because

ATel = E{VOCK(X; 90> )‘0)}

T —mno
Mo

= Ef {1 -7m(X)} /yexp(ao + X 8o + voy) f (Y| X, &o)dy] — E{K (x; 0y, A\o)7(x)},

we further have

Como(1 —no) = E{(1 —m(X))K(X;00,m0)} — om0

B[ {1 - #(X)} / yexp(ao + X o + 7o) f (41X, &)dy

+E[K(X; 09, 1m0)m(X)]
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= E{K(X;0,m0)} — promo

T —mno
To

— (1= ) — (1— o) / / yexplan + X o+ 709) £ (4/X, &)dydF(x|D = 1).

B (X)) / yexp(ao + X 8o + 10y)f (41X, &)y

Using the definition of pg, we have

- a-m) [ ' [tn+ 0= neplat x5+ )} e »§>dy] IF(x|D = 1)

LSy

—(1—mno) //yeXp(ao + X By + 0u) f (Y| X, &) dypr(x| D = 1)dx

- a-m) [ ' / y{no—noexp<ao+xwo+%y>}f<y|x,5>dy} IF(x/D = 1)

LYY

= =i | [ = esplan 457+ 20 b )| dF D = ),
X LJy
Since
Vo = [ [ [vir-esta x5 mbsoix i aredp -,
X LJy
we arrive at
02(1 - 770)770 = (1 - Uo)ﬁovnﬂ(eoﬂma Co) Oy = Vn/i(@o’ﬁo, Co)-

This proves Equality (S6.23).

(3) Proof of Equality (56.24)
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Since E{¢,(D,X,Y)|D =1} = K(X;6y,10) — 10, we have
C3 - E{Bg(D,X,Y)()OM(D,X, Y)}
= E[V¢log g(X, Co){K(X;00,m0) — 1o}]

Note that

1= E{K (X; 6,m0)} = /X K (x, 60, 10) o + (1 — ) exp{t(x, 60) YdF (x|D = 1),

which implies

Ven = /><K(X=90,>\o)[770+(1—770)eXp{t(Xae(J)}]{VClOgg(XvCO)MF(X‘D:1)
_ /X K (x, 60, 20) {V ¢ log g(x, Co) }pr () dx
= E[V,logg(X, (o) K(X;00,m0)]

— Cg.

This proves Equality (56.24) and also completes the proof of (al).
Proof of (bl)

Consider the following function

y(d,x,5) = {1+ veud,x,y)} x {f(ylx, &o)no}* {expan + 7(x, 9o)) (1 — 10)} '~

Xg(X, C(])

Suppose the support of (X,Y) is compact, then it can be verified that the
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function

Q0“<D, X, Y) = K(X7 90, 7]0) — Mo + {1 — D — W(X)}ATV_IVQt(X, 60)

+DAV Ve log f(Y|X, &)

is bounded. Because E{y,(D,X,Y)} = 0 where E takes expectation with
respect to h(d, x, y; ag, Yo, 1m0, (o), the function h*w(d, X, ¢) is a density func-
tion when 9 is small enough. When ¢ = 0, it reduces to the true joint
density function h(d,x, y; ao, Jo, 10, (o). It is easy to check that hj(d, x, 7)

with small enough 1 is a parametric submodel and

vwh*w (d7 X, g) =0 = gpll«(d7 X, y)

This proves (bl), and hence the semiparametric efficiency of /.

S7 Additional simulation results

In all four examples, the missing probability model involves three parame-
ters, the intercept (a*), the coefficient for the covariate (), and the tilting
parameter (7). In this section, we present the simulation results for esti-
mating (o, 5,7). We compare the proposed estimator (d*,B,?y) with two
others: (1) Morikawa and Kim (2016)’s adaptive estimator (a7, 3;,5;) with
correctly specified parametric form for pr(y|x, D = 1); (2) Morikawa and

Kim (2016)’s adaptive estimator (a;,, Bnp,’ynp) without specifying a para-
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metric form for pr(y|x, D = 1). We evaluate the performance of the three

estimators in terms of relative bias (RB) and mean square error (MSE).

The simulation results are summarized in Tables 1-4.

As we can see, the proposed estimator (&, B, %) has small relative bias

in all examples. It further has the smallest MSEs in almost all examples.

The only exception is Example 1 with 02 = 4 and n = 500. In this situation,

Table 1:

(Qps Ynp) has smaller MSE but much larger relative bias than (a*,%).

Relative bias (RB; x100) and mean square error (MSE; x100) of three esti-

mates of (a*, 3,7) in Example 1.

V)

~ kK

~ kK

Bnp

n o ar B ¥ Q; Bt e Ay Tnp
RB 500 1 0.81 -0.79 0.97 1.12 -1.30  1.50 | -0.63 2.71 0.06
MSE 500 1 7.84 6.59 0.71 8.15 6.73  0.75 7.94 6.68 0.76
RB 2000 1 0.47 -0.51 047 0.53 -0.60 0.58 | -0.27 1.18 -0.14
MSE 2000 1 1.88 1.56 0.17 1.92 1.59 0.17 1.91 1.59 0.17
RB 500 4 292 -164 1.86 | 10.52 -9.75 7.12 | -15.45 24.09 -10.27
MSE 500 4 | 20.46 6.62 1.08 | 101.49 18.28 3.46 | 18.68 7.79 1.01
RB 2000 4 0.92 -0.89 0.46 2.47 -1.95 1.82 | -8.26 11.77 -5.70
MSE 2000 4 4.61 1.59 0.24 9.97 223 044 5.84 2.00 0.31
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Table 2:
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Relative bias (RB; x100) and mean square error (MSE; x100) of three esti-

mates of (a*, 8,v) in Example 2.

noor| & B & | & B 4| ah, By A
RB 500 1 0.60 246 0.71 | 0.85 256 1.10 | -12.31 19.49 -10.06
MSE 500 1 | 9.07 194 0.72| 948 203 0.77 | 11.85 254  0.89
RB 2000 1 | 046 -0.04 0.37| 048 0.00 0.41 | -845 11.68 -6.99
MSE 2000 1 237 049 0.19 | 243 050 0.20 | 4.13 0.71 0.30
RB 500 4 264 036 190 | 590 -0.73 4.35 | -46.54 44.33 -33.08
MSE 500 4 | 1858 220 0.78 | 45.84 4.11 1.57 | 69.82 5.07 3.13
RB 2000 4 | 089 -0.34 050 | 1.54 -0.55 0.98 | -38.76 35.54 -26.94
MSE 2000 4 4.76 0.56 0.20 | 7.00 0.76 0.28 | 45.63 2.54 1.93
Table 3: Relative bias (RB; x100) and mean square error (MSE; x100) of three esti-

mates of (a*, 3,7) in Example 3.

Bi

~ %

Bnp

n o o B Y Oy Yt Qpp Ynp
RB 500 1 0.62 2.05 085 | 1.3 021 234 | 1.85 0.24 3.84
MSE 500 1 11.98 1.65 085 | 1397 182 1.02 | 1548 2.01 1.20
RB 2000 1 025 093 0.22| 043 054 051 ] 1.27 -2.14 232
MSE 2000 1 278 041 020 3.02 045 0.22| 342 049 0.26
RB 500 €% | 0.79 226 0.84 | 3.47 -1.34 452 | 1.40 -3.71 3.43
MSE 500 %7 | 1561 1.75 0.86 | 25.30 2.12 1.44 | 20.84 2.19 1.27
RB 2000 €%7 | 0.30 0.93 0.24 | 0.89 0.08 1.06 | 1.50 -5.56 2.83
MSE 2000 %7 | 3.47 041 0.19 | 450 046 026 | 469 0.57 0.29
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Table 4: Relative bias (RB; x100) and mean square error (MSE; x100) of three esti-

mates of (a*, 8,v) in Example 4.

noor| & B 4 | & B A | ah, B A
RB 500 3 0.23 296 0.43 | 0.52 3.12  0.75 | -13.91 21.20 -11.36
MSE 500 3 9.32 1.98 0.73 | 9.82 2.08 0.79 | 13.04 2.67 0.96
RB 2000 3 0.45 -0.06 0.54 | 0.74 0.02 0.83 | -9.59 1295 -7.72
MSE 2000 3 2.40 0.49 0.18 | 2.64 0.53  0.20 4.72 0.77 0.32
RB 500 6 | -0.06 2.81 0.65 1.19 2.81 1.34 | -17.11 23.58 -13.65
MSE 500 6 9.34 1.94 0.71 | 13.71 243 0.90 | 15.41 2.81 1.04
RB 2000 6 | -0.18 -0.11 044 | 0.70 -0.05 0.70 | -12.98 15.58 -10.22
MSE 2000 6 2.52 0.49 0.18 | 3.17 0.59 0.23 6.86 0.88 0.42
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