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Description of the Problem

We consider a general problem in sampling sur-
vey.

Assume that there is a finite population con-
sists of N sampling units.

Each unit has some characteristic of interest.

The problem of survey is to make inference on
the finite population parameters such as:

N
Population mean: Y =N"1%" y;
i=1

N
Population CDF : Fyn(y) = N1 Z I(y; <)
i=1

with I(y; < y) being an indicator function.



Typically, the inference is done through a sam-
ple survey.

First, we obtain a random sample from the
finite population according to a sampling plan.

Second, we obtain measurements on sampled
units.

Finally, we analysis the data and the infer-
ences about the finite population parameters
are then made.



We must choose or design a most appropriate
statistical inference method given a sampling
plan and some measurements.

We consider the following situation.

Several instruments might be used to take the
measurements. They have different levels of
precision.

Some (perfect) instruments are costly but have
very high precision: measurements (almost)
without error.

Some (imperfect) instruments cost little money,
but the measurements obtained are less accu-
rate.



When several instruments are used in a single
survey, how should the statistical inferences be
done?

In general, we are willing to assume the imper-
fect measurements are unbiased.

In this case, commonly used linear estimators
for the population mean or total remain unbi-
ased.

However, this does not generalize to the esti-
mation of CDF.



Main problem of this talk

How to combine the information from both
perfect and imperfect measurements to best
estimate the population CDF?

et us first introduce some notation and some
existing methods.



Literature Review

Let the finite population under consideration
be labeled as {1,...,N};

The true value of the ¢th unit is yp;.

Assume that we have two a simple random
samples without replacement: sg and sj.

Perfect measurements are {yg;,? € sg}-
Imperfect measurements are {y1;,% € s1}.



Two natural estimators are:
~ —1 .
F1(t) = ni™ > I(y1; <t);

1€81

Fo(t) = ngt > I(yoi < 1)
iESO

If y1; = yo; + e; such that E(e;) = 0, Fy is not
an unbiased estimator of Fy(t).

The bias does not decrease when the sample
Size increases.

FO IS unbiased, but it does not utilize the entire
sample information.



Two general estimators that utilize all the sam-
ple data are the regression-type estimator:

FO,reg(ﬂ — FO(t) + B{Fl(t) — Fl(t)} (1)

and the ratio estimator

EFo r(t) = Fo(6) F1(¢)/F1(t), (2)

where

Fi(t) =ngt Y. I(y1; < 1)
1€50

Remark: We need to assume sg C s3 in this
case.
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In the regression-type estimator (1), we may
choose an estimator of optimal B that mini-
mizes the variance.

The estimators (1) and (2) are asymptotically
unbiased but,

(i) the estimated CDF is not a monotone func-
tion in either case;

(ii) the best B depends on the value of t.

Consequently, there is a need of different method.
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Empirical Likelihood Approach

When an iid sample {y;,7 = 1,...,n} with com-
mon CDF, F', is available, the log-empirical
likelihood function can be written as

mn
ln(F) =) logp;
1=1

such that p; = P(Y = v;).

Inferences about F' can be made by regarding
¢n(F) as an ordinary log-likelihood function.

For example, the MLE of F' is given by the
usual empirical distribution.
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The empirical likelihood can further make use
of auxiliary information to improve the effi-
ciency of the inferences.

Suppose that E{g(Y,0)} = 0 is known for some
9(y,0).

Then, we maximize ¢,(F) subject to

INg
I

n
1, D pig(y;,0) =0 (0<p;<1).
=1
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Given 0, we get
1
]/5' 0) = ,
O = T NaCyn, 00}
where A = \(0) satisfying > p;(0)g(y;,0) = 0.

1=1,...,n,

The empirical likelihood is maximized further
with respect to 6.

When g¢g's dimension is larger than that of 6,
the resulting

Frn(t) =) pi(0)I(y; <t),
i=1

is asymptotically more efficient.
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Application to the measurement error
problem

We assume that there are H + 1 instruments
with H+1 independent random samples sq, ..., sy
of sizes ng,...,ngy.

We name instrument O as perfect, and the
measurements as {y;;,? € sj,h=0,...,H}.

Remark: When the population size N is large
and n is relatively small, the dependence be-
tween the sampled units are very weak.

In most sampling problems, unduly assuming
independence results in more conservative in-
ferences.
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Further, we assume some auxiliary information
exist and can be summarized as

Ep{gn(Y,0)} =0

for h=0,...,H, where E} is taking under the
distribution F} associated with instrument h.

All Fy's share the parameter 6 and g; is a
vector-valued estimating function with dimen-
sion dy,.

The log-empirical likelihood is given by

H
bn(Fo, ..., Fi) = > > logdpp; (3)
h=04iCs),

where py; = P(Y = y;;|instrument h).
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The inference is done by first maximizing £, (Fp,
..., Fg) under constraints given by

 ppi=1, > ppign(yn;0) =0
iESh iGSh

for h=20,...,H.

If 6 is known, the resulting MEL estimator of
Fp is given by

Fom(t) = ) poi(0)I(yo; < 1).
1€50
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We have

- 1
Ppi(0) =

np{l + AL9n(Yni, 0) }
for ¢ € s;, and A, is a solution of
> pri(@gn(ypi,0) =0
1€8),
for h=20,...,H.

We then define the profile log-empirical likeli-
hood ratio

H

rn(0) = Y > 10g{1 4+ A,gxn(yps, 0)}-

h=011€sy,

T he second step is to maximize r, with respect
to 0 to obtain its MEL estimator 6,, and the
corresponding

Fom () = Y poi(@m)I(yo; < t).
1€
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Does the empirical likelihood help?

The following result can be obtained by di-
rectly applying the techniques in Qin & Law-
less (1994) or in Chen & Qin (1993).

Theorem. Suppose that as ng — oo, ny/ng —
kp > O for all h and that the y;'s are indepen-
dent observations.

Assume that the g;’'s are all twice differen-
tiable, that the derivatives are bounded by some
integrable function, and that var{g,(Y,0)} is
positive definite for each h in a neighborhood
of the true parameter value 6.

Then, there is a sequence of MEL estimators
0, and a positive definite matrix V such that

v1o(Om — 6g) —4 N (0, Vo),
where —,; denotes the convergence in distribu-

tion.
19



Corollary. Let the first component of 6 be
Fo(t), t fixed. Then /mg{fom(t) — Fo(t)} is
asymptotically normal with variance Wg, given
by the (1,1)th element of the corresponding
Vo.

The asymptotic variance of Fj,,(t) is always
smaller than the variance of the empirical CDF
based on the sample data obtained from the
perfect instrument, 0, only.
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Example 1: Common Mean Model
We assume E(Y7) = E(Yp) = 6.

We then have two unbiased estimating func-
tions

90(y,01) = 91(y,01) =y — 01.
We have two equations and one unknown pa-

rameter, hence the empirical likelihood approach
IS expected to be better.
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The asymptotic variance of the MEL estimator

Let 03 =var(Yp) and o2 = var(Y7).

990 _ 991 _ 4
00 00
and

Eo(g8) = 03, E1(g?) = o3

In this case,
—1
1 k
V= ( S+ é) .
O'O 0‘1
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Is it reasonable?

We find that V/ng is the variance of the “op-
timal” linear estimator

2 2

A nodl _ nlO-O _
0 = 5 5%0 + —— 5 Y1

However, the optimal linear estimator cannot
be used unless the variance ratio 0% /03 is known.
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Asymptotic Variance of Fj,,

Let 0 = [Fy(t),01],
go=[I(y <t)—Fp(t),y—01)]" and g1 =y — 0.

Using the Corollary,

v — [Fo(t){l—Fo(t)} B]1+k1[0 02”1.

B o5 0 oy

Its (1,1)th element is the asymptotic variance
of FOm(t)

n132
nlag + ngo

W = Fo(t){1 — Fo(t)} — 5

24



Example 2: Additive Model

Assume that E(Yy) = E(Y7) = 67 and
var(Yy) — var(Yy) = o2 with o2 known.

The estimating functions are

90(y,0) = (y — 01,42 — 03 — 6)’

and

g1(y,0) = (y — 01,9% — 6% — 65 — 02)’,

where 0 = (61,02) and 0, = o3 =var(Yp).
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When pp3 = 0, the asymptotic variance of §1m
is ng {051 +k1(h2+02)~1}~1, which equal the
variance of the optimal linear estimator ;.

It can be shown that Fj,,(t) has smaller asymp-
totic variance than Fy(t).
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Example 3: Product Model

Assume that E(Ypy) = E(Y7) = 671 and
var(Y7) = cvar(Yp) = > with ¢ > 1 known.

90(y,0) = (y — 01,42 — 6% — 65);
91(y,0) = (y — 01,y° — 6% — cb2)’.

When the skewness pp3 = 0 for h = 0,1. the
asymptotic variance of §1m equals nalvll, where

1 _1{1—|—k1/c

~1
n 4k10%(c — 1)? }
0> p1a + k1c?poa

—1 0>

< Mo (1 —I—kl/c> ’

with equality if and only if c= 1.
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That is, the MEL estimator 61,, again beats
the optimal linear estimator.

The asymptotic variance of Fp,,(t) is complex,
but can be shown that it never exceeds the
variance of Fp(t).
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Simulation

We considered the case of two instruments and
chose (ng,n1) = (50, 600) and (100, 400).

We studied two Kkinds of population distribu-
tions: (i) normal, (ii) chi-square.

We used the situations in three examples dis-
cussed.

29



Table 1: MSE of mean estimators (x1000).

Normal

C 1 2 3 Opt.L
no = 100, n1 = 400

1.50 2.73 2.75 2.74 2.73

2.00 3.36 3.38 3.37 3.36
no = 50, n1 = 600

1.50 2.26 2.37 2.27 2.26

2.00 2.96 2.80 2.99 2.96

Chi-square

C 1 2 3 Opt.L

no = 100, n; = 400

1.5 4.42 4.42 4.49 4.41
2.0 5.32 523 525 5.47
no = 50, ny = 600
1.5 3.65 3.73 3.76 4.66
2.0 4.49 461 477 4.60

*Estimators 1, 2, 3 refer to Examples 1, 2, 3
and Opt.L = Optimal linear estimator.
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Table 2: MSE of CDF estimators (x1000):
50% extra variance(c = 1.5).

quantile
0.10 0.25 0.50 0.75 0.90
normal: nog = 100,n; = 400
perfect 0.89 190 2.53 1.89 0.89
imperfect 2.61 2.20 0.62 2.17 2.59

1 0.68 1.1v 137 1.13 0.68
2 0.52 1.01 1.38 0.98 0.52
2% 0.54 1.04 136 1.02 0.55
3 0.48 0.97 1.38 0.94 0.48
3* 0.54 1.04 136 1.02 0.54

chi-square: no = 100,n; = 400
perfect 0.89 186 251 1.91 0.92
imperfect 5.82 1.94 1.05 2.70 1.47

1 0.78 1.32 1.42 1.01 0.60
2 0.856 1.21 1.23 1.02 0.61
2% 0.82 1.24 1.23 1.02 0.61
3 0.87 1.25 1.26 1.01 0.59

3* 0.80 1.36 146 1.11 0.64
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Table 2: Continued

quantile
0.10 0.25 0.50 0.75 0.90
normal: ng = 50,n1 = 600
perfect 1.85 3.74 5.01 3.70 1.78
imperfect 2.49 2.00 0.41 2.02 2.49

1 1.33 198 222 193 1.31
2 0.94 161 223 1.58 0.92
2% 1.04 1.70 2.16 1.75 1.03
3 0.92 1.60 222 1.57 0.90
3* 0.98 1.65 214 1.7r1 0.98

chi-square: ng = 50,n; = 600
perfect 1.79 3.82 494 3.80 1.81
imperfect 565 1.75 0.84 251 1.37

1 1.49 250 239 1.65 1.10
2 1.79 217 1.84 192 1.31
2% 1.74 212 1.86 193 1.30
3 1.82 223 1.88 1.83 1.27
3* 1.53 253 249 1.77r 1.16

*Estimators 2* and 3* refer to Examples 2 and 3 when
o2 and ¢ are estimated. “perfect” and “imperfect” refer
to estimators based on perfect measurements only and

on imperfect measurements only.
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Table 3: MSE of CDF estimators (x100): 100%
extra variance(c = 2.0).

quantile
0.10 0.25 0.50 0.75 0.90
normal: ng = 100,71 = 400
perfect 0.88 1.86 252 1.87 0.91
imperfect 7.14 496 0.63 496 7.11

1 0.69 120 146 1.19 0.71
2 0.57 1.09 147 1.08 0.59
27 0.66 1.15 144 1.12 0.63
3 0.50 1.03 146 1.01 0.51
3" 0.64 1.14 143 1.11 0.61

chi-square: ng = 100,n; = 400
perfect 0.91 194 248 1.88 0.89
imperfect 13.34 4.49 1.26 6.47 4.62

1 0.79 143 148 1.09 0.61
2 0.88 1.33 1.30 1.07 0.61
2% 0.86 1.27r 1.36 1.08 0.62
3 0.92 142 136 1.04 0.57
3* 0.80 1.36 1.64 1.34 0.76
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Table 3: Continued

quantile
0.10 0.25 0.50 0.75 0.90
normal: ng = 100,n; = 400
perfect 1.76 3.76 496 3.72 1.80
imperfect 7.05 484 0.42 482 7.03

1 1.28 2.06 2.29 2.00 1.33
2 0.96 1.69 230 1.68 0.98
2% 1.30 2.04 230 1.98 1.30
3 0.91 1.63 229 1.64 0.92
3* 1.14 1.88 227 182 1.13

chi-square: ng = 50,n1 = 600
perfect 1.79 3.72 5.01 3.70 1.74
imperfect 13.23 4.31 1.03 6.30 4.52

1 1.49 250 247 1.74 1.10
2 1.9 2,19 197 1.95 1.30
2% 1.77r 2,20 1.98 1.97 1.33
3 1.89 234 205 186 1.21
3* 1.51 242 258 215 1.32

*Estimators 2* and 3* refer to Examples 2 and 3 when
o2 and c are estimated. “perfect” and “imperfect” refer
to estimators based on perfect measurements only and

on imperfect measurements only.
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What is good~?

The empirical likelihood approach helps for the
low and high quantiles.

What is not satisfactory?

It fails to beat the estimator based on imper-
fect measurements only for the median.

What can be done in the future?

This is totally open.
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