
Introduction
² In this talk, I shallexaminea statisticalmethod for the analysis

of curvesthat are

{ connected,oriented, planar paths that includeend points;
andare

{ essentially featureless,or havenostandardfeaturescommon
to all specimens.

² A statisticalmodel for randomcurveswill be introducedthat

{ is robustto digitisationof the curves,and

{ assignssimpleparametervaluesto geometricallysimpleand
physically important curves such as straight lines, circles,
logarithmicspirals,etc.

² It will beof primary interestto analysethe shapesof curves,for
the purposesof

{ makingcomparisonsbetweengroups(discrimination,clus-
teringetc);

{ constructing\average"curve shapesfor summarisingcurve
features,or the producing\textb ook" curve specimens;

{ ¯tting idealisedmathematicalcurvesto samplespecimens.
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A model for randomplanarcurves
² Let z(s); 0 · s · `, beasmoothcurvein theplaneparametrized

by arc lengths. Weshall¯nd it convenient to represent z(s) by
complexcoordinatesasz(s) = x(s) + i y(s), wherei =

p
¡ 1.

² De¯nethe anglefunctionµ(s) by

dz(s)
ds

= eiµ(s):

² Then,the curvature of z(s) is

· (s) =
dµ(s)

ds
:

1/k

q



² Thesede¯nitions provide a satisfactorydescriptionof the in-
trinsic geometrical properties of a curvewhenthe curve is suf-
¯ciently smooth.

² However, we shallalsobe interestedin studyingpolygonaland
otherpathswhich cannotbe characterizedby a curvaturefunc-
tion.

² Wegeneralize· to a signed measure or charge. Speci¯cally, we
supposethat K is a signedmeasureon the set [0; `] with total
variationmeasurejK j.

² A moregeneralclassof curvesis obtainedby

µ(s) =
Z

[0; s]
dK :

² WhenK isabsolutelycontinuouswith respectto Lebesguemea-
sure,we have

dK = · (s) ds;

where· is the usualcurvaturefunction.



² For example,whendK = (as + b) ds, then z(s) is an Euler
spiral:
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² Polygonalpathscanbeobtainedfromthegeneralde¯nition. For
example,if K placescharges®0 = 0; ®1; : : : ; ®m at points with
parameterss0; s1; : : : ; sm, where0 = s0 < s1 < ¢¢¢ < sm <
sm+1 = `, then the curve z(s) is a polygonalpath:
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The StatisticalModel
² In general,the curve z can be reconstructedfrom its intrinsic

equationfor the curvaturemeasureK using

z(s) = z0 +
Z s

0
exp

Ã

i
"

µ0 +
Z

[0; u]
dK

#!

du:

² Herez0 and µ0 are arbitrary and determinethe starting point
andinitial orientation of the curve, respectively.

² Sincea signedmeasuresuch asK canbe represented asa col-
lectionof real-valuesindexedby a classof subsetsof the interval
[0; `], we canwrite

K A = K (A)

whereA is an element of someclassA of measurablesubsetsof
[0; `].

² We shall supposethat the signedmeasureK is a stochastic
process, i.e., a collectionof randomvariables,indexedby A.

² Thereasonsfor placingthestochasticassumptionsuponthecur-
vaturemeasureratherthan directlyuponthe curve itselfarethe
following:

{ As shape of the curve is determinedby its curvature, the
curvature measure providesa coordinate-freenotation for
studyingthe shapesof curves.

{ For somecases,thecurvaturefunctionissimplerin formand
easierto interpret than any equationfor the curve itself.



² In particular,we canmodelK asa Gaussianprocess.

² Forany A1; : : : ; Ak 2 A, thevariablesK (A1); : : : ; K (Ak) jointly
have a multivariatenormaldistributionwith mean

E» [K (A)] = M »(A);

for A 2 A, andcovariance

Cov» [K (A1); K (A2)] = ¡ »(A1; A2)

controlled by a parameter».

² Simpli¯cationof notation:

{ The parameter» shallbe suppressed;

{ We shallwrite

¤ M ([0; s]) asM (s),
¤ ¡([0 ; s]; [0; t]) as¡( s; t),
¤ ¡( s;s) as¡ 0(s).

² Settingz0 = 0 andµ0 = 0,

E[z(t)] =
Z t

0
exp

8
<

: i M (u) ¡
1
2
¡ 0(u)

9
=

; du:

² We cancomputesecondmoments from the formulas

E[z(t1)z(t2)] =
Z t1
0

Z t2
0

exp
8
<

: i ¨ + (u1; u2) ¡
1
2
­ + (u1; u2)

9
=

; du2 du1;

E
·

z(t1)z(t2)
¸

=
Z t1
0

Z t2
0

exp
8
<

: i ¨ −(u1; u2) ¡
1
2
­ −(u1; u2)

9
=

; du2 du1;

where
¨ ±(u1; u2) = M (u1) § M (u2)

and
­ ±(u1; u2) = ¡ 0(u1) + ¡ 0(u2) § 2¡( u1; u2):



² The processdoesnot needto be Gaussianto computeE[z(t)].

² For example,considera polygonalpath from the origin whose
line segments have lengthswhich are IID exponential random
variables,andwhoseanglesareconstant.
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² Then

E[z(t)] =
Z t

0
exp

·

¸ u (ei ® ¡ 1)
¸

du

=
exp

h
¸ t (ei ® ¡ 1)

i
¡ 1

¸ (ei ® ¡ 1)
;

which is a logarithmicspiral.

² An interestingexampleof a curve with the property that the
shape of the expectation, andthe expected shape arequitedif-
ferent!



A Shape Metric

² Supposethat several\textb ook" examplesofdi®erent idealcurves,
z1([0; `1]); : : : ; zn([0; `n]), are available, and that we seekto
match theshapeof a givenspecimencurvez([0; `]) to oneof the
textbook examples.

² In orderto classifythe specimencurve, it is natural to construct
a shape metric ½betweencurvesof this kind. We would seek
that textbook curve zj for which ½(z; zj ) is a minimum.

² Sinceweareconcernedwith themodellingandanalysisof the in-
trinsic propertiesof the curve,namelycurvatureandarc-length,
we shall considera simplemetric which is mostcloselyrelated
to thesequantities.

² We de¯ne the form of a curve to be the total of all informa-
tion about the curve which is invariant underthe groupof rigid
motionsof the plane(without re°ections).

{ The measureK or µ(s) = R
[0;s] dK providesa quantitative

representationsof the form of the curve.

{ Thefunctionµ(s) isnot constrainedto [0; 2¼], becauseit can
\wind." Its natural rangeis (¡1 ; +1 ).



² Wede¯nethe shape of a curve to be the total of all information
invariant under the group of similarity transformationsof the
plane(againexcludingre°ections).

{ If ` is the lengthof the curve, the function µ∗(s) = µ(s`),
where0 · s · 1, providesa quantitative representation for
the shape of the curve. The correspondingstandardization
of the curvaturemeasureis K ∗, where

K ∗(A) = K (` A)

for each Borel-measurablesubsetA of [0; 1].

² Supposez1 andz2 arecurveswith standardizedanglefunctions
µ∗1(s) andµ∗2(s) respectively, for 0 · s · 1.

² Let
¢ ∗

j (s) = µ∗j (s) ¡
Z 1

0
µ∗j (u) du; 0 · s · 1:

² Then¢ ∗
j is the standardisedanglefunctionfor a rotatedversion

of zj .
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² De¯nethe shape distance

½(z1; z2) =
s

Z 1

0
[¢ ∗

1(u) ¡ ¢ ∗
2(u)]2 du:

² To illustratehow ½(z1; z2) canbeusedfor curve ¯tting, weshall
consideran ammonitefossilof speciesMetaderoceras talkeet-
naensefrom British Columbia in Canada.

² It is well recognisedthat the spiralsformedby such shellsare
logarithmicin nature.

² For logarithmicspirals,the curvatureis

· (s) ds =
ads
` ¡ s

;

wherearc lengthis measuredfrom the outsideinto the centre of
the spiral(which is of total length`). Soa and` areparameters
to be estimated.



² First we have to digitizethe curve.

² A total of 53 knots w0; : : : ; w52 were chosenalong the spiral
curve. The53knotsdonot includeany points onthecurveclose
to the centre whereshape informationis unclear.

² If z is a givencurve such that its correspondingangleµ is con-
tinuousand if w0 = z(0); w1; : : : ; wm+1 = z(`) arepoints on
the curve,we constructa polygonalpath

hw0; w1; w2; : : : ; wm+1 i (1)

with length ` = P m
j =0 jwj +1 ¡ wj j, whoseline segments have

endpoints at thesem + 2 points and whosecurvature measure
K̂ is de¯nedby placinga charge

®̂j = ¡ i

8
><

>:
ln

wj +1 ¡ wj

jwj +1 ¡ wj j
¡ ln

wj ¡ wj −1

jwj ¡ wj −1j

9
>=

>;
(2)

at the point wj with parameter

sj =
j −1X

k=0
jwk+1 ¡ wkj; (3)



² From the 53 knots, the arc length coordinatess1; : : : ; s52 and
correspondingcharges®1; : : : ; ®51 werecomputedasonthe pre-
vioustransparency. The polygonalapproximationto all but the
mostcentral partsof thespiralwasfoundto be706.67pixelunits
long.

² The curvature function was matched usingthe metric ½by a
logarithmicspiralof the form

z(s) =
` ¡ ` i a (` ¡ s)1−i a

1¡ i a
:

² The parametera controls the patternof growth of the spiral.

² The parameter̀ is closelyassociatedwith the ageof the am-
moniteat time of deathandfossilisation.

² To comparetheshapeof such a spiralwith that of theammonite
spiral,a setof 53points z(0); z(s1); : : : ; z(s52) werechosenfrom
the curve usingpoints that arecommensuratelysituatedalong
the curve with thoseof the imageknots.

² The points
z(0); z(s1); : : : ; z(s52)

in turn de¯nea polygonalapproximation to the curve z which
canbe comparedwith the polygonalpath hw0; : : : ; w52i .



² Fit: a = 8:36and` = 858.Although` is a scaleparameterfor
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a full logarithmicspiralthat endsat its centre, it actsasa shape
parameterif we chooseto selecta portion of the spiralof given
length.

² It is usefulto examinethe distancebetweenthe logarithmicspi-
ralsandthe dataasa functionof a and`:
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AverageShapes

The metric that we have de¯nedleadsusto the de¯nition of an
average shape as follows. Let z1; : : : ; zn be a set of n curves
with curvaturemeasuresK 1; : : : ; K n, respectively. A curve ¹z is
saidto be an averageof the shapesof z1; : : : ; zn, if

¹z = argminz
nX

j =1
½2(z; zj ): (4)

Notethat, for any ¯xed 0 · s · 1,

1
n

nX

j =1
¢ ∗

j (s) = argmin¢ ∗(s)

nX

j =1
f ¢ ∗(s) ¡ ¢ ∗

j (s)g2

andsothe curve ¹z de¯nedby

¹z(s) =
Z s

0
ei ¹¢( u)du;

where
¹¢( s) =

1
n

nX

j =1
¢ ∗

j (s);

minimizes
nP

j =1
½2(z; zj ).



Six handwrittenletters:

The averageshape of the six letters:
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The functions¢ ∗
j for the six letters:
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² To test thesensitivity of theshapemetric½, thesixscript letters
werecomparedwith six \forgeries".

² The originalsix curveswerelabelledasz1; : : : z6, and the forg-
eriesasz7; : : : ; z12.

² A 12£ 12 between-curve distance matrix D wasconstructed
sothat

D = (½(zj ; zk))

where½(zj ; zk) is the shape distancebetweenzj andzk.

² A principal coordinate analysiswasperformedonD. The¯rst
two principalcoordinatesareplottedbelow. Originalletters(*),
copies(o). Letter 7 is the closest.
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