Introduction

2 In this talk, | shallexaminea statisticalmetha for the analysis
of cunesthat are

{ connectedoprierted, planar pathsthat includeend poirts;
andare
{ essemally featurelesmr have no standardfeaturecommon
to all specimens.
2 A statisticalmodel for randomcurveswill be introducedthat

{ isrobustto digitisationof the curwes,and

{ assignsimpleparametevaluesto geometricall\simpleand
physically importart curves sud as straight lines, circles,
logarithmicspirals,etc.

2 It will be of primary interestto analysdahe shasof curwes,for
the purposesf

{ making comparisondetweengroups(discrimination,clus-
tering etc);

{ constructing\average"curve shagsfor summarisingure
featurespr the producing\textb ook" curve specimens;

{ tting idealisednathematicakturvesto samplespecimens.
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A modelfor randomplanarcures

2 Letz(s); 0- s- °,beasmathcurweintheplaneparametrized
by arclengths. We shall nd it corvenien to represetg(s) by
complexcoordinatesasz(s) = x(s) + i y(s), wherei = = j 1.

2 De nethe anglefunctionp(s) by

dz(s) _

i(s).
ds e

2 Then,the curvature of z(s) is
_ du(s).



Thesede nitions provide a satisfactorydescriptionof the in-
trinsic geometrical properties of a curve whenthe curwe is suf-
“ciently smath.

Howe\er, we shallalsobe interestedin studyingpolygonaland
other pathswhich cannotbe characterizedy a cunature func-
tion.

We generalize to a signel measure or chamge Speci cally we
suppsethat K is a signedmeasureon the set[0; "] with total
variation measurgk j.

A moregeneraktlassof cunesis obtainedby
Z
u(s) = [O;S]dK:

WhenK is absolutelycortinuouswith resgectto Lebesguanea-

sure,we have
dK = . (s)ds;

where- isthe usualcunature function.



2 For examplewhendK = (as+ b)ds, then z(s) is an Euler
spiral:

2 Polygonabpathscanbe obtainedromthe generatle nition. For
examplejf K placeshargesiy = 0;®y; :::; ®, at points with




The StatisticalModel

In generalthe curve z can be reconstructedrom its intrinsic

equationfor the cunature measuré&k using
o N

O;u]dK du:

Zg A z
z(s) = zp+ 0 EXP 1 pot
Herezy and | are arbitrary and determinethe starting poirt

andinitial oriertation of the curwe, respectiely.

Sincea signhedmeasuresudt asK canbe represeted asa col-
lectionof real-\aluesindexedby a classof subset®f the interval
[C; ], we canwrite

Ka=K(A)

whereA is an elemehof someclassA of measurablsubsetof
G ]

We shall suppsethat the signedmeasureK is a stachastic
process i.e., a collectionof randomvariablesjndexedby A.

Thereasons$or placingthe stochasticassumptionsponthe cur-
vaturemeasureatherthan directlyuponthe curweitselfarethe
following:

{ As shape of the curwe is determinedby its cunature, the
curvature measure providesa coordinate-freenotation for
studyingthe shas of curwes.

{ Forsomecasesthe cunaturefunctionis simplerin formand
easiefto interpretthan any equationfor the curwe itself.



In particular,we canmodel K asa Gaussianprocess

have a multivariate normaldistribution with mean
E, [K(A)] = M,(A);
for A 2 A, andcovariance
Cov» [K (A1); K(A2)] = i »(A1; A2)
corirolled by a parameter.
Simpli cationof notation:

{ The parameter> shallbe suppressed,;
{ We shallwrite

o M ([0; s]) asM (s),

o i([0;s]; [0 t]) asi( s;1),

a j(s;s) asj ofs).

Settingzo = Oandp = 0,

8

Elz(t)] = Zot expfi M (u) j %i o(u);: du:

We cancomputesecondnomeis from the formulas

8 9
E[z(t1)z(t2)] = Zotl ZOtQ exp:<i " (ugup) %‘ *(ug; Up). dupdug;
| S I Y 1 :
E z(t1)z(tz2) = , , exp.i” (U uy) i 5> (U1; Uz). dupdug;
where
" F(ug;u2) = M (uz) 8 M (uy)
and

- F(ug;u2) = jo(uz) + io(U2) § 2i(uy; uy):



2 The processloesnot needto be Gaussiano computek [z(t)].

2 For example considera polygonalpath from the origin whose
line segmets have lengthswhidch are IID exponetial random
variablesandwhoseanglesare constanh

2 Then

4

Elz(t)] = Otexp'h ue@®; 1) du

h . i
exp, t(€® 1) 1
, (€% 1) ’

whidh is a logarithmicspiral.

2 An interestingexampleof a curve with the property that the
shape of the expectation, andthe expected shae arequite dif-
feren!



A Shape Metric

Suppsehat seeral\textb ook" examplesfdi®erehidealcunes,
z:([0; "1D); :::;za([O; "n]), are available,and that we seekto
matd the shage of a givenspecimercune z([0; ']) to oneofthe
textbook examples.

In orderto classifythe specimercurwe, it is naturalto construct
a shape metric Y2betweencunesof this kind. We would seek
that textbook cune z; for which 4z; z;) is a minimum.

Sinceneareconcernewith the modellingandanalysiofthein-
trinsic propertiesof the curve, namelycunatureandarc-length,
we shall considea simplemetric whidh is mostcloselyrelated
to thesequartities.

We de ne the form of a curwe to be the total of all informa-
tion about the curve whidh is invariart underthe groupof rigid
motionsof the plane(without re°ections).

{ The measure&K or (s) = R[o;s]dK providesa quartitative
represetations of the form of the cune.

{ Thefunctionu(s) isnot constrainedo [0; 2¥, becausé can
\wind." Its naturalrangeis (j1 ;+1 ).



2 We de nethe shap of a cune to be the total of all information
invariart underthe group of similarity transformationsof the
plane(againexcludingre®ections).

{ If ° isthe length of the curwe, the function p*(s) = Ws"),
whereO - s - 1, providesa quartitativ e represetation for
the shape of the cure. The correspndingstandardization
of the cunature measures K *, where

K*(A)= K( A)
for eat Borel-measurablsubsetA of [0; 1].

2 Supmsez; andz, arecurveswith standardizednglefunctions
K (s) andi(s) respectively, forO- s- 1.

2 Let 2,
¢i(s)=p(s)i , K (u)du; 0O- s- 1L
2 Then¢; isthe standardiseadnglefunctionfor a rotatedversion
of Zj.

Z(s)



2 De nethe shape distance

S

Yiziz) = JI6iU)i ¢ 3(uRdu

2 Toillustrate how *£z4; z,) canbe usedfor curwe tting, we shall
consideran ammonitefossilof speciesMetadeioceras talkest-
naensefrom British Colunbia in Canada.

2 It is well recognisedhat the spiralsformedby sud shellsare
logarithmicin nature.

2 For logarithmicspirals,the cunatureis

ads
- (s)ds = - ;
i S
wherearclengthis measuredrom the outsideinto the cerire of

the spiral(which is of total length™). Soa and™ areparameters
to be estimated.




2 First we have to digitizethe cunwe.

cune. The53knotsdonot includeary points onthe cune close
to the cenre whereshape informationis unclear.

2 If z isagivencurwe sud that its correspndinganglep is con-
tinuousand if wg = z(0); wq; :::; Wm+r = z(°) arepoints on
the curve, we constructa polygonalpath

NWo; W1; Wo; 110 Wiay | (1)
with length™ = ijzojo+1 i W;j, whoseline segmets have
endmints at thesem + 2 points and whosecunature measure
K is de nedby plagcinga charge

9
2 Wik i W Wi j W12
®=ji In 2L n 3L 2 )
Wi i Wi JWj i Wj—qJ°
at the point w; with parameter

Ix1, :
S = Wi i Wids (3)



vioustransparencyThe polygonalappraimationto all but the
mostceriral partsofthe spiralwasfoundto be 706.6 pixelunits
long.

The cunature function was matded usingthe metric ¥2by a
logarithmicspiral of the form

i 9t

2(8) = li 1a

The parametema cortrols the pattern of gravth of the spiral.

The parameter is closelyassaciatedwith the ageof the am-
moniteat time of deathandfossilisation.

To comparehe shaye of sud a spiralwith that of the ammonite

the curwe usingpoints that are commensuratelgituatedalong
the curnve with thoseof the imageknots.

The points
z(0); z(s1); =i Z(Ss2)
in turn de nea polygonalapprximationto the curve z whidch



2 Fit: a= 836and = 858. Although" is a scaleparameterfor
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afull logarithmicspiralthat endsat its cerre, it actsasashape

parameteiif we chooseto selecta portion of the spiral of given
length.

2 It isusefulto examinghe distancebetweenthe logarithmicspi-
ralsandthe dataasa functionofa and :
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AverageShapes

The metricthat we have de nedleadsusto the de nition of an

z = argmlq /E(z Z): (4)

Notethat, forary xed0- s- 1,

1>n

nJ 1¢ “(s) = argmlq*(s) f¢ (8)i ¢; (s)g

andsothe cune 2 de nedby
3(s) = Sdudy;
where

&(s) = %_” ¢(9)

1=1
C. . 2 _
minimizes 4(2;,7).
J:



Six handwrittenletters:

The averageshae of the six letters:
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The functions¢ J-* for the six letters:

8

I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

The samefunctionsrecelitred:

2

15F

15 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1



2 Totestthe sensitiviy of the shape metric; the six scriptletters
werecomparedvith six \forgeries".

yyyyy.
¢ 4 44 4 4

2 The originalsix curveswerelabelledasz;; : : : zs, and the forg-

2 A 12£ 12 between-curve distanee matrix D was constructed
sothat
D = (4z; z))
where£z; ; z) is the shaje distancebetweenz; andzy.

2 A principal coordinate analysiswasperformedonD. The rst
two principalcoordinatesareplotted belowv. Originalletters(*),
copieq0). Letter 7 is the closest.
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