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Abstract

This paper proposes a novel and practical approach of addressing optimal reinsurance
via an empirical approach. This method formulates reinsurance models using the observed
data directly and has advantages including (i) transformation of an infinite dimensional
optimization problem to finite dimension, (ii) no explicit distributional assumption on the
underlying risk is required, and (iii) many empirical-based reinsurance models can be solved
efficiently using the second-order conic programming. This allows insurers to incorporate
many desirable objective functions and constraints while still retaining the ease of obtain-
ing optimal reinsurance strategies. Numerical examples, including applying to an actual
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proposed empirical models. Stability and consistency of the empirical-based solutions are
also analyzed numerically.
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1 Introduction

The pioneering work of Borch (1960) has sparkled a tremendous interest among academics and

actuaries in the study of optimal reinsurance. This is prompted by the potential that reinsurance

can be an effective risk management tool for managing and mitigating an insurer’s risk exposure.

Consequently, academics and actuaries are constantly seeking for better reinsurance strategy

and numerous ingenious and innovative optimal reinsurance models have been proposed. By

transferring some of the risks to a reinsurer, the cedent incurs an additional cost in the form

of reinsurance premium which is payable to a reinsurer. Naturally, the higher the expected risk

that is transferred to a reinsurer, the more costly the reinsurance premium. Similarly, a cedent

can lower the cost of reinsurance at the expense of exposing to higher expected retained risk.

This demonstrates the trade-off between risk spreading and risk retaining and hence an optimal

reinsurance model aims at striking a balance between these two conflicting objectives.

Earlier study of optimal reinsurance is attributed to Borch (1960) and Arrow (1963). By

minimizing the variance of an insurer’s retained loss and assuming the reinsurance premium is

calculated according to the expected value premium principle, Borch (1960) demonstrates that

the stop-loss reinsurance is optimal. If the criterion is changed to maximizing the expected

utility of the terminal wealth of a risk-averse insurer, Arrow (1963) shows that the same stop-

loss reinsurance is also optimal. These two classic results have been extended in a number of

important directions. Just to name a few, Gajek and Zagrodny (2000) and Kaluszka (2001)

generalize Borch’s result by considering the standard deviation premium principle and a class

of mean-variance premium principles respectively. Young (1999) generalizes Arrow’s result by

assuming Wang’s premium principle. By imposing the assumption that the reinsurance premium

is calculated according to the maximal possible claims principle, Kaluszka and Okolewski (2008)

show that the capped stop-loss and the truncated stop-loss are optimal under a number of criteria

including the maximization of the expected utility, the stability and the survival probability of

the cedent. In a series of papers by Cai and Tan (2007), Cai et al. (2008), Tan et al. (2009, 2011),

and Chi and Tan (2011, 2013), they propose a new class of risk measure based reinsurance models

2



and analyze the optimal reinsurance by minimizing the value at risk (VaR) and the conditional

tail expectation (CTE) (also known as the conditional value at risk) of the insurer’s total risk

exposure. Additional reinsurance models can be found in Gajek and Zagrodny (2004), Kaluszka

(2004a, 2004b, 2005), Promislow and Young (2005), Wang et al. (2005), Huang (2006), Balbás

et al. (2009), Bernard and Tian (2009), and many others.

We now describe a typical mathematical formulation of the optimal reinsurance. Let X

denote the (aggregate) loss initially assumed by an insurer and suppose that X is a nonnegative

random variable. Assume the insurer is to manage its risk exposure via a reinsurance strategy

and cedes part of its losses, say f(X) satisfying 0 ≤ f(X) ≤ X, to a reinsurer. The insurer

thus retains loss If (X) = X − f(X). The function f(x) is known as the ceded loss function and

If (x) is the retained loss function. By transferring part of its losses to a reinsurer, there is an

upfront charge to the insurer in the form of reinsurance premium that is payable to the reinsurer.

The reinsurance premium is usually calculated according to some premium principle Π so that

the premium is given by Π(f(X)). Consequently, the sum Tf (X) := If (X) + Π(f(X)) can be

interpreted as the total risk (or the total cost) of the insurer in the presence of reinsurance. We

emphasize that the total cost depends on the characteristics of the loss random variable X, the

structure of the ceded loss function f , as well as the premium principle Π.

From an insurer’s perspective, it is prudent to select a reinsurance contract in such a way that

the total risk exposure Tf (X) of the insurer is kept as “small” as possible. Hence, a plausible

optimal reinsurance model can be formulated as follows:


minf ρ(Tf (X))

s.t. Π(f(X)) ≤ π,

0 ≤ f(X) ≤ X.

(1)

Here ρ is an appropriately chosen risk measure so that the ceded loss function that is the solution

to the above reinsurance model ensures that the corresponding risk measure of the insurer’s

total risk exposure is optimally minimized. Furthermore, the resulting solution also satisfies the

3



constraints that the amount that is spent on reinsurance does not exceed a preset budget π and

that the loss that is indemnified by the reinsurer is no larger than the initial loss amount. This

explains the two constraints embedded within the optimal reinsurance model (1).

The above risk measure based reinsurance model encompasses many of the optimal reinsur-

ance models mentioned above. For example, if ρ is the variance and Π is the expected premium

principle, then model (1) corresponds to the optimal reinsurance model pioneered by Borch

(1960). If ρ is either VaR or CTE, then the resulting model (1) recovers many of optimal rein-

surance models studied in Cai and Tan (2007), Cai et al. (2008), Tan et al. (2011), Tan and

Weng (2012) and Chi and Tan (2011, 2013), depending on the assumptions on the premium

principle Π and the structure imposed on the ceded loss function f .

While many existing results are based on the reinsurance model (1), it is important to point

out that simplifying assumptions (as well as the objective function and constraints) are often

imposed in the model in order to ensure its tractability. As such, the insurers are tremendously

restricted in exploring the optimal reinsurance strategy in managing and mitigating their risk

exposures. The complexity of the underlying problem lies in several aspects. First, it depends

on the selected risk measure ρ. If a non-convex risk measure is assumed, the problem usually

becomes very intractable due to the lack of convexity. Second, it depends on whether a functional

form is specified for the ceded loss function. For example, if we were to impose that the optimal

ceded loss function is in the form of a stop-loss reinsurance, i.e. f(x) = max(x − d, 0) with

a retention d, then the problem is relatively simple in that it simplifies to solving the optimal

retention level, which is a one parameter optimization problem. However, if no functional form

is postulated for the ceded loss function, it requires to identify an optimal solution among a set

of general functions and hence model (1) becomes a problem of infinite dimension. In this case,

the problem will be much more mathematically challenging. Third, the complexity also critically

depends on the selected premium principle Π. Most of the optimal reinsurance models have

been analyzed under the expectation premium principle. This is driven by its simplicity and

tractability even though it has been widely recognized that this premium principle is inadequate
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to reflect risk with high variability. For other more sophisticated premium principles, see Young

(2004). See also Gajek and Zagrodny (2004), Kaluszka (2001, 2005), and Chi and Tan (2013)

for some optimal reinsurance results involving premium principles other than the expectation

premium principle. Finally and most importantly, all the existing optimal reinsurance results

have been analyzed under a very specified set of assumptions, objective and constraints. If an

insurer were to impose some other desirable constraints (such as imposing profitability, solvency

capital, counterparty risk, etc), then the existing results are no longer applicable and the resulting

reinsurance model is likely to be non-tractable.

The desire to propose a general, practical and yet simple ways of analyzing optimal reinsur-

ance model leads to the objective of this paper. Instead of analyzing the reinsurance model (1) in

the hope of finding an analytic solution, our proposed approach exploits directly the empirically

observed data by reformulating model (1) as its sample-based or empirical-based counterpart.

For this reason, we refer the latter model as the “empirical reinsurance models” (or simply “em-

pirical models”). There are several advantages associated with our proposed empirical-based

reinsurance model. First, by re-formulating the reinsurance model using the empirical data of N

sample observations, the resulting empirical reinsurance model is now an optimization problem of

N dimensions as opposed to the original reinsurance model of infinite dimension. Second, because

the proposed empirical reinsurance model is completely based on empirical data, we meticulously

avoid the distributional assumption of the underling loss random variable X. Essentially the em-

pirical approach is a nonparametric method. This is in contrast to the classical formulation (1)

which requires an explicit assumption on distribution of the underlying loss X. Third, instead of

focusing on analytic solution, the solution to the empirical model can be obtained by resorting to

some powerful and efficient numerical procedures. In particular, there is a wide range of empiri-

cal reinsurance models that can be cast as Second-Order Conic Programming (SOCP) problems.

The SOCP is a large class of convex optimization problems, including the linear programming,

convex quadratic programming, and many others as its special cases. The SOCP has also been

proven to be a useful numerical method in finance, particularly on robust portfolio optimization.
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See for example Satchell (2010) and references therein. The advantage of casting the empirical

model as a SOCP is that its optimal solution can be efficiently obtained by resorting to some

standard SOCP solvers via interior-point methods. It is the connection between the empirical

model and SOCP that unleashes the power of the empirical-based reinsurance model. Therefore,

this approach offers the insurer the flexibility of incorporating any reasonable objective function

and desirable constraints in the design of an ingenious optimal reinsurance strategy while still

providing a simple way of deriving the optimal solutions.

The remaining of the paper is structured as follows. Section 2 introduces the general pro-

cedure of formulating a generic empirical reinsurance model. Section 3 illustrates the empirical

formulation of two specified reinsurance models, namely the variance minimization and CTE

minimization models, and involving both expectation and standard deviation premium princi-

ples. An actual Danish fire loss data is also used as part of our numerical illustrations. The

numerical examples highlight the efficiency and practicality of the proposed empirical models

when combined with SOCP. Section 4 provides additional analysis on the stability and consis-

tency of the empirical solutions and benchmarks against the theoretical solution in the case of

expectation premium principle where the solution is available. Section 5 concludes the paper.

Appendix A provides a brief introduction to SOCP and the formulation of the empirical rein-

surance model as an SOCP. Appendix B demonstrates the flexibility of the proposed empirical

model by verifying that as many as ten commonly used premium principles can be cast as SOCP.

2 Empirical Reinsurance Models

This section describes the general idea and procedure of establishing an empirical reinsurance

model. We assume that an insurer has observed empirically N losses (or claim amounts), which

are denoted by xT := (x1, x2, · · · , xN) where xi corresponds to the i-th loss. We assume further

that the observed data x is the only information we have on the underlying risk and that the

insurer is interested in using these loss experiences to construct an optimal reinsurance strategy
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to manage its future losses. This implies that the insurer is seeking an optimal reinsurance

coverage fi corresponds to each loss observation xi. Obviously fi is the decision variable and

has yet to be determined. It is convenient to use the vector f := (f1, f2, · · · , fN)T to represent

all the respective N decision variables. The principle underlies the empirical-based reinsurance

model is to formulate the optimization model involving both x and f directly. More specifically,

corresponding to the theoretical model (1), our proposed empirical reinsurance model can be

formulated in the following symbolic form:


min
f

ρ̂(x, f)

s.t. 0 ≤ fi ≤ xi, i = 1, 2, · · · , N,

Π̂(f) ≤ π.

(2)

The variables ρ̂(x, f) and Π̂(f) can be interpreted as the empirical estimates of ρ(X, f) and

Π(f(X)) in model (1), respectively. We emphasize again that the above objective value ρ̂(x, f)

depends on both x and f and Π̂(f) depends on the decision vector f . The above formulation

of the empirical reinsurance model explicitly assumes that the historical experiences are good

predictors of future losses. In practical applications, the observed loss data could be adjusted by

some factors (such as inflation) before the investigation of optimal reinsurance strategy. Such an

adjustment can easily be incorporated in the above empirical model.

It is important to point out that the above formulation of the empirical-based reinsurance

model is an optimization problem of N dimensions. By denoting f∗ = (f ∗1 , · · · , f ∗N)T as the

resulting solution to the empirical model (2), the optimal ceded loss function is represented as a

set of finite points {(xi, f ∗i ), i = 1, · · · , N}, instead of a ceded loss function f(x) in terms of x.

Generally, some standard smoothing techniques such as spline interpolation can always be used

if we were interested in a smooth (or piecewise smooth) ceded loss function. In the numerical

examples to be presented in the next section, we will represent the solution via the scatter plots

of {(xi, f ∗i ), i = 1, 2, . . . , N} and use the plot to infer the shape of the optimal ceded loss function.

As we will shortly discover, the scatter plots reveal that the optimal ceded functions admit some
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interesting shapes depending on the actual specification of the empirical models.

We claimed in the introduction that one of the key advantages of the empirical model is

its practicality and simplicity. It also allows the insurer to incorporate any desirable objec-

tive function and constrains while still retain the ease of obtaining its solution. This holds

as long as the objective function and the constraints satisfy a specific property known as the

SOC-representability so that the empirical model (2) can be cast as an SOCP and thus can be

solved efficiently using some standard SOCP solvers via interior-point methods. We relegate

the discussion of SOCP and the technical definition of SOC-representability to Appendix A. It

suffices to point out that linear functions, quadratic functions, and L2-norm satisfy the property

of SOC-representability. It is also useful to point out that risk measures such as variance and

CTE as well as quadratic utility and even other special cases of hyperbolic absolute risk aversion

(HARA) utility functions are SOC-representable. Moreover, as justified in Appendix B that

at least ten of the commonly used reinsurance premium principles satisfy SOC-representability

property. Consequently, SOCP gives us a flexible and effective way of analyzing a whole array

of optimal reinsurance models.

3 Numerical Illustrations of Empirical Reinsurance Mod-

els

In this section, we consider two specific specifications of the reinsurance models and study their

empirical reinsurance models in details. We focus on variance minimization and the CTE mini-

mization optimal reinsurance models. When implementing our proposed empirical-based reinsur-

ance models, the optimal solutions can depend on how we formally define the empirical estimators

of the objective function and the constraints of the empirical models. In our numerical examples,

we estimate these quantities using the empirical distribution; i.e., assigning equal probability 1/N

to each pair (xi, fi) for i = 1, 2, · · · , N .
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3.1 Variance minimization (Var-min) model

In this subsection, we assume that the variance is the corresponding risk measure in model (1)

so that the insurer is seeking an optimal reinsurance strategy that minimizes the variance of its

retained loss (or equivalently the total loss). Therefore, model (1) reduces to


minf Var(If ) = Var(X − f(X))

s.t. 0 ≤ f(x) ≤ x,

Π(f) ≤ π,

(3)

where Var denotes the variance operator.

To formulate the empirical counterpart of the reinsurance model, we need to define the

corresponding empirical estimates of the objective and the constraints. Given x and f , one

possible empirical estimator of the objective function Var(X − f(X)) is provided by1

V̂ar(If ) =
1

N

N∑
i=1

[(
xi − fi)− (x̄− f̄

)]2
(4)

=
1

N
(x− f)TQ(x− f)

=
1

N

[
fTQf − 2xTQf + xTQx

]
,

where x̄ and f̄ denote, respectively, the sample mean of the observed data x and the decision

variable f , and the matrix Q is defined as

Q =


qT1
...

qTN

 =



1− 1
N

− 1
N

· · · − 1
N

− 1
N

1− 1
N
· · · − 1

N

...
...

. . .
...

− 1
N

− 1
N

· · · 1− 1
N


. (5)

1Alternatively, we could have used the unbiased estimator 1
N−1

∑N
i=1

[(
xi − fi)− (x̄− f̄

)]2
for ̂Var(Rf ). Here

we continue to use (4) in order to be consistent with all other estimators that are based on empirical distribution.
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Note that qk is a column vector of N dimensions such that its k-th component equals to 1− 1
N

and the remaining components set to − 1
N

.

Similarly, the empirical analog of the constraint 0 ≤ f(x) ≤ x is given by

0 ≤ fi ≤ xi, i = 1, 2, · · · , N,

and the empirical estimate of the reinsurance premium budget constraint Π(f) ≤ π is denoted

by Π̂(f) ≤ π. To further specify the empirical budget constraint, we need to know the precise

functional form of the premium principle. This is elaborated in Appendix B for the ten common

reinsurance premium principles.

In summary, the empirical variance minimization reinsurance model is represented as follows:


min
f∈RN

fTQf − 2xTQf

s.t. 0 ≤ fi ≤ xi, i = 1, 2, · · · , N,

Π̂(f) ≤ π.

(6)

Note that the goal function is a convex quadratic function of f and hence it is SOC-representable

(see Appendix A). This implies that SOCP can be used to analyze the optimal reinsurance models

for as many as ten premium principles (see Appendix B). In the subsequent two subsections, we

consider two specific premium principles, namely the expectation principle and the standard

deviation principle, and demonstrate the practicality of SOCP in obtaining the solutions to the

resulting empirical reinsurance models. In the numerical examples, we rely on the SOCP solver

known as the CVX, which is a MATLAB based package and is freely available from the authors’

homepage (see Grant and Boyd, 2012).

3.1.1 The Expectation Premium Principle

Under the expectation premium principle, the reinsurance premium budget constraint becomes

(1 + θ)f̄ ≤ π. Clearly, this is a linear constraint and hence the empirical variance minimization
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model remains to be a convex quadratic programming (which is also a SOCP) even if we were

to replace the budget constraint with a binding one, i.e., (1 + θ)f̄ = π. With such modification,

the empirical model revises to


min
f∈RN

fTQf − 2xTQf

s.t. 0 ≤ fi ≤ xi, i = 1, 2, · · · , N,

(1 + θ)
1

N
eT f = π,

(7)

where e is a column vector of N dimension with all components set to one.

The above reinsurance model is of theoretical interest in that it can be considered as the em-

pirical version of the classical variance minimization reinsurance model. Recall that the classical

variance minimization reinsurance model seeks optimal reinsurance by minimizing the insurer’s

total loss subject to the binding insurance premium. It is also well-known that the optimal

reinsurance design for the classical model is the stop-loss reinsurance; see, for example, Kaas,

et al. (2001). The theoretic result, therefore, can be used to benchmark against the optimal

solution f∗ obtained from the empirical model (7). This explains why we focus on the empirical

model with a binding, instead of unbinding, reinsurance premium constraint for the above vari-

ance minimization model. See also Section 4 for the consistency and stability of the empirical

solutions relative to the theoretical solution.

In order to demonstrate the applicability of our proposed empirical-based variance minimiza-

tion reinsurance models, we consider three sets of examples. The losses in the first two sets of

examples are assumed to follow exponential and Pareto distributions. The final example, on the

other hand, is based on the real dataset which contains 2167 Danish fire losses and is collected by

the Copenhagen Reinsurance over the period 1980 to 1990. The numerical illustrations consist

of the following steps:

Step 1: Obtain N “empirically observed” samples xi, i = 1, . . . , N . For the first two sets of ex-

amples, the empirically observed samples are assumed to be simulated from the respective

loss distribution with N = 300. For the third example, the empirically observed samples
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correspond to the entire Danish fire dataset of 2167 observed losses.

Step 2: Predetermine the loading factor θ and the reinsurance premium budget π. In our examples,

we set θ = 0.2 and π = 400, 600, 800, and 1000.

Step 3: Use the SOCP solver CVX to obtain solutions f∗ = (f ∗1 , . . . , f
∗
N).

Step 4: Depict the resulting solutions, (xi, f
∗
i ), i = 1, 2, · · · , N , using scatter plots.

Using the above procedure, Examples 1, 2 and 3 illustrate the solutions for the exponential and

Pareto distributions and the Danish fire loss data, respectively.

Example 1. Var-min: Expectation Principle and Exponential Distribution

In this example, we carry out the above Steps 1-4 by drawing random samples from an exponential

distribution with mean µ = 1,000, i.e, FX(x) = 1−e−
x
µ , x ≥ 0. The scatter plots of the solutions

for π = 400, 600, 800, and 1000 are shown in Figure 1. It is reassuring that the resulting shape of

the empirical solutions mimics a stop-loss function, which is consistent with the classical result.

Furthermore, as the insurer is willing to spend more on the reinsurance premium, more risk is

transferred to a reinsurer as indicated by the lower stop-loss retention with higher π.
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Figure 1: Empirical solutions of the variance minimization model with expectation premium
principle and exponential loss distribution.

Example 2. Var-min: Expectation Principle and Pareto Distribution

This example is similar to the last one except that the empirical samples are drawn from a

Pareto distribution with mean µ = 1, 000, i.e., FX(x) = 1−
(

2,000
x+2,000

)3

, x ≥ 0. The solutions are
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presented in Figure 2 and the scatter plots are also consistently revealing that the shape of the

optimal ceded loss function behave like a stop-loss, in accordance with the theoretical results.
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Figure 2: Empirical solutions of the variance minimization model with expectation premium
principle and Pareto loss distribution.

Example 3. Var-min: Expectation Principle and Danish Fire Loss Data

In this example, we apply our empirical variance minimization reinsurance model to a real data

of 2167 fire losses. The data was collected by Copenhagen Reinsurance over the period 1980 to

1990 and the losses have been adjusted for inflation to reflect 1985 values and are expressed in

millions of Danish Krone; for more details, we refer to McNeil (1997). The minimum value,

first quartile, median, mean, third quartile and maximum value for this dataset are reported in

Table 1. While the mean of the observed losses is 3.385 millions and its third quartile is 2.976

millions, it is interesting to point out that predominantly of the observed losses are less than 70

millions, with three catastrophic losses (i.e. 144.6576, 152.4132, and 263.300 millions) that are

greater than 70 millions. A histogram with losses smaller than 70 is depicted in Figure 3. Both

Table 1 and Figure 3 suggest that the loss variable has a rather irregular distribution.

Similar to the previous two examples, we input the Danish fire loss data to the empirical

variance minimization reinsurance model. Assuming four different levels of budget (i.e. π =

0.25, 0.50, 0.75, 1.00 millions) and an expectation premium principle with a loading factor of 0.2,

the resulting optimal ceded loss solutions are demonstrated by the scatter plots in Figure 4. The

shape of the scatter plots also reveal a stop-loss function and are consistent with the theoretical

solutions.
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Figure 3: Histogram for Danish fire losses with values less than 70 (millions of Danish Krone).

Min. First Quartile Median Mean Third Quartile Max.
1.000 1.321 1.778 3.385 2.967 263.300

Table 1: Basic statistics for Danish fire loss dataset (in millions).
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Figure 4: Empirical solutions of the variance minimization model with expectation premium
principle on Danish fire loss data.

3.1.2 The Standard Deviation Premium Principle

In this subsection, we consider a more interesting premium principle of the form Π[f(X)] =

E[f(X)]+β
√

Var[f(X)], which is known as the standard deviation premium principle. According

to Theorem 2.4 in Gajek and Zagrodny (2000) (see also Example 2 in Kaluszka (2001)), if

the reinsurance premium budget π < E[X] + β
√

Var[X], then the so-called change-loss treaty

f ∗(x) = c(x− d)+ solves the theoretical variance minimization reinsurance model with standard

deviation premium principle, where c and d are two real numbers determined by two nonlinear

equations. However, those two equations are too complicated to be solved for the values of c and

d in most cases including the exponential and Pareto distributions which we will analyze in the

sequel. It is interesting to note that the stop-loss function is a special case of the change-loss

function with coefficient c = 1. In this subsection, we will investigate the shape of the empirically

optimal solution via three numerical examples. All these results will confirm the optimality of a

change-loss function and its special case of stop-loss in two of these examples.

Under the standard deviation premium principle, the empirical reinsurance premium budget

constraint Π̂(f) ≤ π reduces to ‖Qf‖ ≤ − 1
β
√
N

eT f +
√
N
β
π (see Appendix B). This leads to the

following specification of the empirical variance minimization model


min
f∈RN

fTQf − 2xTQf

s.t. 0 ≤ fi ≤ xi, i = 1, 2, · · · , N,

‖Qf‖ ≤ − 1
β
√
N

eT f +
√
N
β
π,

(8)
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where ‖ · ‖ denotes the standard Euclidean norm so that ‖u‖ = (uTu)1/2 for a real column

vector u. Again, this can be cast as an SOCP. Examples 4 and 5 discuss the optimal reinsur-

ance solutions by assuming that the empirical samples were drawn from exponential and Pareto

distributions, respectively, and Example 6 investigates the optimal empirical solution on the

Danish fire loss data.

Example 4. Var-min: Standard Deviation Principle and Exponential Distribution

The setup of this example is similar to Example 1 in that the same exponential loss distribution is

used to generate the empirical loss data and the CVX is also used to solve the resulting SOCP. The

only difference is that the reinsurance premium is determined by the standard deviation premium

principle with loading factor β = 0.2. The four scatter plots in Figure 5 depict the optimal

reinsurance treaty f∗ for different levels of reinsurance premium budget. These scatter plots

still indicate that the stop-loss reinsurance treaty is optimal even under the standard deviation

premium principle.
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Figure 5: Empirical solutions of the variance minimization model with standard deviation pre-
mium principle and exponential loss distribution.

Example 5. Var-min: Standard Deviation Principle and Pareto Distribution

This example is similar to Example 4 except that Pareto distribution is employed. The results

obtained by using CVX to the resulting programming problem are presented by the four scatter

plots in Figure 6. Similar to the exponentially distributed case, the scatter plots suggest that

stop-loss reinsurance is optimal.
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Figure 6: Empirical solutions of the variance minimization model with standard deviation pre-
mium principle and Pareto loss distribution.

Example 6. Var-min: Standard Deviation Principle and Danish Fire Loss Data

This example is similar to Examples 4 and 5 except that the Danish fire dataset (described in

Example 3) is used as the underlying losses for the empirical reinsurance model (8). The optimal

solutions, which are presented by the four scatter plots in Figure 7, correspond to the four levels

of reinsurance premium budget. It is interesting to note that, unlike the previous two examples

for exponential and Pareto loss distributions, a stop-loss reinsurance is no longer optimal for the

Danish fire loss data. Instead, a change-loss reinsurance with coefficient c that is strictly less

than one is optimal.

3.2 CTE minimization (CTE-min) model

We now consider the optimality of the reinsurance strategy under the Conditional Tail Expec-

tation (CTE) risk measure. We begin by first defining CTE and Value-at-Risk (VaR).

Definition 1. The VaR of a loss random variable Z at a confidence level 1 − α, 0 < α < 1, is

formally defined as VaRα(Z) = inf{z ∈ R : Pr(Z ≤ z) ≥ 1− α}.

In practice, the parameter α typically is a small value such as 5% or 1%. Consequently,

VaRα(Z) captures the underlying risk exposure by ensuring that with a high degree of confidence

(with probability of 1−α) the loss will not exceed the VaR level. While VaR is intuitive and widely

accepted among financial institutions as a risk measure for market risk, it is often criticized for

its inadequacy in capturing the tail behavior of the loss distribution, in addition to its violation
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Figure 7: Empirical solutions of the variance minimization model with standard deviation pre-
mium principle on Danish fire loss data.
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of properties such as the subadditivity. To overcome these drawbacks, risk measure such as

CTE has been proposed. CTE is defined as the expected loss given that the loss falls in the

worst 100α% part of the loss distribution. Its formal definition is given as follows.

Definition 2. The CTE of a loss random variable Z at a confidence level 1− α, 0 < α < 1, is

defined as the average of VaR: CTEα(Z) =
1

α

∫ α

0

VaRq(Z)dq.

By exploiting CTE as the relevant risk measure for the reinsurance model (1), we obtain

 minf

{
CTEα(Tf ) = CTEα

(
X − f(X) + Π[f(X)]

)}
s.t. 0 ≤ f(x) ≤ x, Π[f(X)] ≤ π,

(9)

We remark that Tan et al. (2011) has explicitly solved the above CTE-minimization model under

the expectation premium principle. As argued in their paper, it is more tractable to consider

the following equivalent optimization model


min
(ξ,f)

{
Gα(ξ, f) := ξ +

1

α
E

[(
X − f(X) + Π(f(X))− ξ

)
+

]}
s.t. 0 ≤ f(x) ≤ x, Π(f(X)) ≤ π.

(10)

as opposed to analyzing (9) directly. They also show that the above two formulations of the

reinsurance models are equivalent in the sense that (ξ∗, f ∗) solves (10) if and only if f ∗ solves

(9) and ξ∗ minimizes Gα(ξ, f ∗). We now state one of the main results from Tan et al. (2011) in

the following remark. This result will be used in our subsequent analysis.

Remark 1. Consider the theoretical CTE minimization model (9) under the expectation premium

principle Π(f(X)) = (1+θ)E[f(X)] with a loading factor θ > 0. Tan et al. (2011) formally show

that the stop-loss treaty f ∗(x) = (x− d∗)+ with the retention d∗ satisfying (1 + θ)E[(x− d∗)+] =

min{π, πθ} is an optimal solution, where

πθ = (1 + θ)E
[
(X − dθ)+

]
, and dθ = inf

{
d : Pr[X > d] ≤ 1

1 + θ

}
. (11)
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Since model (9) is equivalent to model (10) and the latter is more tractable, it is reasonable

to consider the empirical analog of the latter reinsurance model. This leads to the following

CTE-based empirical reinsurance model:


min
(ξ,f)

Ĝα(ξ, f) = ξ +
1

αN

N∑
i=1

[(
xi − fi + Π̂(f)− ξ

)
+

]
s.t. Π̂(f) ≤ π, and 0 ≤ fi ≤ xi for i = 1, 2, · · · , N.

(12)

Note that the expectation in the theoretical model is replaced by the “sample average”. To cast

the above empirical model in the form of a SOCP, it is useful to introduce an auxiliary decision

vector z = (z1, · · · , zN)T , and reformulate model (12) as



min
(ξ,f ,z)

ξ +
1

αN

N∑
i=1

zi

s.t. Π̂(f) ≤ π,

0 ≤ fi ≤ xi, i = 1, 2, · · · , N,

zi ≥ 0 and zi ≥ xi − fi + Π̂(f)− ξ, i = 1, 2, · · · , N.

(13)

Clearly, model (13) is equivalent to (12) in the sense that (ξ∗, f∗) is a solution to model (12) if

and only if (ξ∗, f∗, z∗) is also a solution to (13) with an appropriately chosen constant vector z∗.

This formulation makes it obvious that the objective function is linear in the decision variables.

Therefore, if all the constraints are SOC-representable, then the overall optimization problem

can be cast as SOCP. In Appendix B, we have already established the SOC-representability of

the reinsurance premium budget Π̂(f) ≤ π for as many as ten premium principles. If Π̂(f) ≤ π is

SOC-representable, so is zi ≥ xi− fi + Π̂(f)− ξ. This follows from a simple reformulation of the

constraint that zi ≥ xi− fi + Π̂(f)− ξ, by introducing an auxiliary variable t, to be equivilent to

Π̂(f) ≤ t and t ≤ ξ + zi − xi + fi.
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3.2.1 The Expectation Premium Principle

With the expectation premium principle and a safety loading factor θ, the empirical version of

Π(f(X)) becomes Π̂(f) = (1 + θ)f̄ and thus model (13) reduces to



min(ξ,f ,z) ξ + 1
αN

∑N
i=1 zi,

s.t. f̄ ≤ π/(1 + θ),

0 ≤ fi ≤ xi, i = 1, 2, · · · , N

zi ≥ 0, zi ≥ xi − fi + (1 + θ)f̄ − ξ, i = 1, 2, · · · , N,

(14)

which is simply a linear programming problem and thus it can be solved efficiently using the

simplex method. Parallel to Examples 1, 2 and 3 in Subsection 3.1.1 for the variance minimiza-

tion model, the following Examples 7, 8 and 9 repeat the same analysis but for the solutions of

the empirical CTE minimization model (14).

Example 7. CTE-min: Expectation Principle and Exponential Distribution

Similar to the previous Examples 1 and 4, we create N = 300 empirical loss data by first

sampling from an exponential distribution with mean µ = 1, 000. Then together with parameter

values α = 5% and θ = 0.2, the CVX is used to solve the resulting empirical CTE minimization

model (14) for each of those reinsurance premium budgets: π ∈ {200, 400, 600, 800, 1000, 1500}.

The scatter plots of the resulting solutions are shown in Figure 8. It is first interesting to note

that the stop-loss reinsurance is still optimal even when we change the optimality objective from

minimizing variance to minimizing CTE. Second, when an insurer is willing to increase its

premium budget on reinsuring its risk, more risks can be transferred to a reinsurer as indicated

by the lower levels of retention. Third, as the reinsurance premium budget increases beyond

1000, the stop-loss retention seems to remain unchanged. This phenomenon in fact is consistent

with the theoretical results as stated in Remark 1. In particular, in our numerical setting, it

is easy to verify that πθ = 1000 which suggests the optimal retention will not change for any

premium budget greater than 1000. Hence our empirical solutions appear to be in accordance
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with the theoretical results. Section 4 provides an in-depth analysis addressing the stability and

consistency of the empirical solutions of the CTE-minimization model.
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Figure 8: Empirical solutions to the CTE minimization model with expectation premium prin-
ciple and exponential loss distribution.

Example 8. CTE-min Model: Expectation Principle and Pareto Distribution

The setup for this example is identical to the last example except that we use the Pareto distri-

bution with mean µ = 1,000 and we assume π ∈ {200, 400, 600, 800, 1062, 1500}. The solutions

in Figure 9 again suggest that the optimal ceded loss function has the same structure as the ex-

ponential case. Hence the observations and conclusion that we made for the exponential case are

similarly applied to the Pareto case. Note that in this example, it is easy to verify that πθ = 1062

and this explains why we consider this particular reinsurance premium budget in this example.

Example 9. CTE-min Model: Expectation Principle and Danish Fire Loss Data

This example is similar to the previous two except that the empirical CTE minimization model is

applied to the Danish fire loss data which was introduced in Example 3. The resulting solutions

are reported in Figure 10 for four distinct levels of reinsurance premium budget. These scatter

22



0 1000 2000 3000 4000 5000 6000 7000 8000 9000
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

1) π = 200

0 1000 2000 3000 4000 5000 6000 7000 8000 9000
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

2) π = 400

0 1000 2000 3000 4000 5000 6000 7000 8000 9000
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

3) π = 600

0 1000 2000 3000 4000 5000 6000 7000 8000 9000
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

4) π = 800

0 1000 2000 3000 4000 5000 6000 7000 8000 9000
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

5) π = 1062

0 1000 2000 3000 4000 5000 6000 7000 8000 9000
0

1000

2000

3000

4000

5000

6000

7000

8000

9000

10000

6) π = 1500

Figure 9: Empirical solutions of the CTE minimization model with expectation premium prin-
ciple and Pareto loss distribution.

plots reveal that the empirical solution has the same shape as the theoretical solution, which is a

stop-loss function.

3.2.2 The Standard Deviation Premium Principle

In this subsection, we assume that the reinsurance premium is determined by the standard

deviation principle. It is easy to verify that in this special case, the empirical reinsurance model

(13) reduces to



min(ξ,f ,z) ξ + 1
αN

∑N
i=1 zi,

s.t. 0 ≤ fi ≤ xi, i = 1, 2, · · · , N

‖Qf‖ ≤ − 1
β
√
N

eT f +
√
N
β
π

zi ≥ 0, i = 1, 2, · · · , N

‖Qf‖ ≤ − 1
β
√
N

eT f +
√
N
β

(fi + ξ + zi − xi), i = 1, 2, · · · , N,

(15)
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Figure 10: Empirical solutions of the CTE minimization model with expectation premium prin-
ciple and Danish fire loss data.

which is an SOCP. We demonstrate its solutions through the following three examples.

Example 10. CTE-min: Standard Deviation Principle and Exponential Distribution

In this example, we use loss data simulated from an exponential distribution, as in Example

7, to solve model (15) with β = 0.2 and for reinsurance premium π ranging from as low as

50 to as high as 2000. For this particular reinsurance model specification, the scatter plots of

the solutions shown in Figure 11 reveal some interesting structures of the optimal reinsurance

treaties. Notably, for higher reinsurance premium budget (say π ≥ 120) the optimal treaty is a

typical stop-loss reinsurance. On the other hand, for lower reinsurance premium (say π ≤ 100),

the optimal treaty becomes a capped stop-loss reinsurance implying that the insurer no longer

has an unlimited coverage from the reinsurer. In these situations, the reinsurer has a maximum

capped payout and hence the insurer assumes any residual risk exposure for any loss that exceeds

the upper limit. This is quite interesting as this is consistent with what we observed in practice.
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Figure 11: Empirical solutions of the CTE minimization model with standard deviation premium
principle and exponential loss distribution.
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Example 11. CTE-min: Standard Deviation Principle and Pareto Distribution

Consider the optimal solutions to model (15) with β = 0.2 and using loss data simulated from

a Pareto distribution as in Example 8. The scatter plots in Figure 12 present the solutions for

twelve different levels of reinsurance premium budget π in the range [50, 2000]. Based on these

scatter plots, a similar conclusion is obtained as in Example 10. The optimal reinsurance treaty

is the capped stop-loss reinsurance for reinsurance budget π ≤ 200 while the optimal reinsurance

is a stop-loss treaty for π ≥ 200.

Example 12. CTE-min: Standard Deviation Principle and Danish Fire Loss Data

This example is similar to the previous two except that the input loss data is the Danish fire

loss data. The resulting solutions are illustrated by scatter plots 1)-5) in Figure 13 for the four

levels of reinsurance premium budget. It is worth noting it is merely an optical illusion that

the scatter plot 5) in Figure 13 looks like a line passes through the origin. There is indeed a

positive retention (about 2) as confirmed in the scatter plot 6) of Figure 13 which is an enlarge

version of the previous scatter plot but over the range [0, 10] for the loss values. These plots in

Figure 13 consistently confirm the same results we observed in the previous two examples, i.e.,

a capped stop-loss treaty is optimal for a small reinsurance premium budget whereas a stop-loss

reinsurance is optimal for a large reinsurance premium budget.

4 Stability and Consistency of the Empirical Solutions

This section provides an in-depth analysis on the solutions generated from the empirical reinsur-

ance models. Recall that the empirical reinsurance model produces optimal ceded loss value for

each data point. More specifically, when we solve an empirical model (2) based upon an input

data x := (x1, · · · , xN)T consisting of N sample points, the output will be N corresponding opti-

mal ceded values f∗ := (f ∗1 , · · · , f ∗N)T . In this section, we will study the stability and consistency

of the empirical solutions. By stability, we mean that the empirical solutions always generate the

same functional form of the optimal ceded loss function for independent random samples from
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Figure 12: Empirical solutions of the CTE minimization model with standard deviation premium
principle and Pareto loss distribution.
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Figure 13: Empirical solutions of the CTE minimization model with standard deviation premium
principle and Danish fire loss data.
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the same loss distribution and over the same set of parameter values. By consistency, we mean

that the empirical optimal ceded loss function converges to the theoretical true optimal ceded

loss function as we increase the sample size N . While it is technically non-trivial to provide a

formal analysis on the stability and consistency of our proposed empirical reinsurance models,

we address these issues by resorting to some numerical experiments on the CTE minimization

model. The numerical studies also allow us to gain important insights on the behavior of our

proposed empirical solutions, particularly for small sample size.

We focus on the expectation premium principle and the standard deviation premium principle

respectively for the empirical CTE minimization model, though the analysis can be analogously

applied to other empirical reinsurance models. The analysis under the expectation principle is

interesting, since in this special case, we know analytically the optimal ceded loss function based

on the results developed in Tan et al. (2011) (see Remark 1). The analytic solution can be used

as a benchmark against the solutions generated from the empirical models. The example with the

standard deviation premium principle is even more interesting as its theoretical optimal ceded

loss function is yet to be determined. It should be pointed out that more recently Chi (2012) and

Chi and Tan (2013) manage to derive the analytic solutions to the CTE-based reinsurance model

for variance related premium principles and stop-loss order premium principles. However, their

results are applicable to the CTE-based reinsurance models without the reinsurance premium

budget constraint. This is in contrast to the reinsurance models that are considered in this paper

where the reinsurance premium budget constraint is imposed.

4.1 The Expectation Premium Principle Case

We first assume the expectation premium principle in this subsection. The numerical setup

of the examples are: the loading factor of the expectation premium principle is θ = 0.2; the

reinsurance premium budget is π = 300; α = 0.05; X is either an exponential distribution or a

Pareto distribution with mean µ = 1, 000, as given in Examples 1 and 2 respectively. Note that

the exponential distribution are usually thought of as a light-tailed distribution and the Pareto

29



distribution is often regraded as a heavy-tailed distribution.

Recall from Remark 1 that under the expectation premium principle, a stop-loss treaty

f ∗(x) = (x − d∗)+ with retention d∗ determined by (1 + θ)E[(x − d∗)+] = min{π, πθ} is an

optimal solution, where πθ and dθ are given in (11). It is easy to verify that based upon the

above numerical setup, we have πθ = 1, 000 and that d∗ is such that (1 + θ)E[(x − d∗)+] = 300.

Hence d∗ = 1, 386.29 for the exponential loss distribution and d∗ = 2, 000 for the Pareto loss

distribution.

Our numerical experiment involves first drawing samples from the assumed loss distribution

and then applying the random samples as input to model (14) to determine the shape of the

optimal ceded loss function. We will use the analytic optimal stop-loss treaties as a benchmark

to numerically assess the accuracy of the empirical solutions.

Recall that the scatter plots in Figures 8 and 9 suggest that the empirical solutions mimic

stop-loss reinsurance treaties. Therefore it is useful to fit c(x − d)+ to the empirical solutions

(xi, f
∗
i ), i = 1, . . . , N . Note that if the optimal ceded loss function is a pure stop-loss function,

then the fitted c is expected to be very close to one.

While there are many ways of accomplishing the fit, the key in our fitting problem is to first

identify (approximately) the retention d and then fit c(x − d) to those data points that exceed

the critical value d. By ε we denote as the error tolerance parameter of our fitting algorithm.

Then the fitting procedure can be described as follows:

[F1]. Sort the pairs {(x1, f1), (x2, f2), · · · , (xN , fN)} in an ascending order in xi, and relabel the

ordered pairs as {(x(1), f(1)), (x(2), f(2)), · · · , (x(N), f(N))}.

[F2]. Set n0 to be the smallest i among {1, . . . , N} such that |f(i)| ≥ ε.2

[F3]. Fit f(x) = c(x−d) to the subset of the data {(x(n0), f(n0)), (x(n0)+1, f(n0)+1), · · · , (x(N), f(N))}

to obtain the fitted ĉ and d̂ using the ordinary least square error regression.

2If |f(i)| < ε for all i = 1, 2 · · · , N , then it is reasonable to take f∗(x) = 0 for all x ≥ 0. We ignore this trivial
case.
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In summary, our numerical experiment consists of the following three steps. In Step 1, we

generate a random sample x := {x1, · · · , xN} from the underlying loss distribution. Then in

Step 2, we solve model (14) to obtain the empirical solutions f∗ := {f ∗1 , · · · , f ∗N}. Finally in Step

3, we fit c(x−d)+ to {x, f∗} to deduce the fitted ĉ and d̂. This implies that for each independent

sample of x, we obtain a fitted pair ĉ and d̂. Furthermore, we also distinguish whether the fitted

pair ĉ and d̂ is admissible or inadmissible. The fitted pair ĉ and d̂ is said to be admissible if the

following conditions are satisfied:

 |f(i)| < ε for i = 1, . . . , n0 − 1,∣∣∣f(i) − ĉ
(
x(i) − d̂

)∣∣∣ < ε for i = n0, . . . , N.
(16)

If any of the above conditions is violated, then we refer the resulting fitted pair ĉ and d̂ as

inadmissible. The admissibility criterion enforces the goodness of fit by ensuring that the residual

values (i.e. difference between the fitted ceded loss value and the optimal empirical ceded loss

value) at all data points are less than the error tolerance ε. Consequently, for an admissible

solution, the smaller the ε, the better the fit.

N Admissibility mean of ĉ mean of d̂ mean of x
150 100% 1.00 (≈ 0) 1,386.68 (7.04) 999.77 (2.66)
180 100% 1.00 (≈ 0) 1,386.73 (6.10) 1,000.50 (2.31)
210 100% 1.00 (≈ 0) 1,379.63 (5.59) 996.60 (2.18)
240 100% 1.00 (≈ 0) 1,381.87 (5.34) 997.04 (2.06)
270 100% 1.00 (≈ 0) 1,384.98 (5.11) 999.12 (1.94)
300 100% 1.00 (≈ 0) 1,391.44 (4.65) 1,003.14 (1.76)
330 100% 1.00 (≈ 0) 1,384.16 (4.62) 998.87 (1.75)
360 100% 1.00 (≈ 0) 1,392.36 (4.40) 1,001.15 (1.64)
390 100% 1.00 (≈ 0) 1,385.55 (4.12) 1,000.58 (1.57)

Table 2: Empirical solutions based on 1,000 independent replications of an exponential loss
distribution for the expectation premium principle. Column 1 gives the sample size of each
replication. Column 2 gives the proportion of the solutions that are admissible. Columns 3, 4
and 5 tabulate the average of the fitted ĉ, fitted d̂, and simulated random samples, respectively,
over all admissible solutions. The standard errors of the estimates are given in parentheses.

In our numerical studies, we consider nine different sample sizes, ranging from N = 150 to
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Figure 14: Boxplots of the admissible ĉ (left) and d̂ (right) under expectation premium principle
and exponential loss distribution.
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Figure 15: Boxplots of the admissible ĉ (left) and d̂ (right) under expectation premium principle
and Pareto loss distribution.
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N Admissibility mean of ĉ mean of d̂ mean of x
150 93.8% 1.00 (≈ 0) 1,981.75 (23.71) 1,003.08 (4.52)
180 93.2% 1.00 (≈ 0) 1,945.92 (20.85) 1,001.70 (3.97)
210 95.0% 1.00 (≈ 0) 1,948.37 (19.96) 994.39 (3.59)
240 94.7% 1.00 (≈ 0) 2,005.88 (19.83) 1,003.36 (3.48)
270 95.0% 1.00 (≈ 0) 1,982.12 (18.17) 1,001.89 (3.30)
300 96.1% 1.00 (≈ 0) 1,983.13 (18.31) 997.00 (3.11)
330 96.2% 1.00 (≈ 0) 1,995.64 (17.43) 998.98 (3.03)
360 96.9% 1.00 (≈ 0) 1,994.08 (16.49) 998.04 (2.74)
390 97.6% 1.00 (≈ 0) 1,990.33 (14.99) 999.84 (2.62)

Table 3: Empirical solutions based on 1,000 independent replications of a Pareto loss distribution
for the expectation premium principle.

N = 390 in multiple of 30. Note that we have intentionally chosen a rather small sample size

in order to have a better understanding of the performance of the proposed empirical solution.

For each sample size N , we replicate the random samples for M = 1, 000 times independently

to obtain 1,000 independent estimates of ĉ and d̂ using ε = 0.1. Of the fitted pair ĉ and d̂, we

also keep track of the proportion of admissibility and we report only the mean and standard

errors of the admissible fitted ĉ and d̂. We analyze the results for both the exponential and the

Pareto loss distributions. The results for the exponential loss distribution are summarized in

Table 2 and the boxplots in Figure 14 (for ĉ and d̂). The corresponding results for the Pareto

loss distribution are reported in Table 3 and the boxplots in Figure 15. Let us now describe

the information that is conveyed by these boxplots (or whiskers). The lower and upper end

of each box correspond to 25th and 75th percentiles (i.e., the first and third quartiles) of the

data. The line in between these two quartiles gives the median (i.e., the second quartile). Each

whisker is extended to the most extreme data points (i.e., minimum and maximum ) which are

within 1.5 times the interquartile range (i.e., the difference between the first and third quartiles),

and outliers are plotted individually as crosses. Therefore, the boxplot is a convenient way of

graphically depicting some useful information (such as the dispersion) on the data.

Based on Tables 2 and 3 and Figures 14 and 15, we draw the following remarks:

1. With respect to the exponential loss distribution, the simulated results suggest that the
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empirical solutions are strongly stable and consistent. First, the empirical solutions are

very stable with respect to the shape of the stop-loss function. This can be deduced from

the 100% admissibility (see Table 2) and the fact that all the fitted values of ĉ are almost

one with negligible standard error (see also its boxplot in Figure 14). This implies that

all the empirical solutions consistently yield the shape of the stop-loss function to within

0.1 error tolerance level, even for sample size as small as N = 150. Second, the empirical

solutions are consistent with the analytical solution. This can be concluded by the fact

that both the theoretical solutions and empirical solutions take the same form as a stop-loss

function. Moreover, the fitted values d̂ also demonstrate a strong concordance with the

theoretical retention solution. As the sample size N increases, the fitted d̂ appears to be

converging consistently to d∗ = 1, 386.29 with a decreasing standard error. For example,

even with only a sample size N = 390, the average of d̂ = 1, 385.55 is very close to d∗ with

a tiny standard error 4.12.

2. For the heavy-tailed Pareto distribution, the simulated results also imply that the empir-

ical solutions are stable and consistent with the theoretically optimal stop-loss solution,

although the results are not as perfect as that for the light-tailed exponential distribution.

As shown in Table 3, the admissibility is more than 93% for all sample sizes and in partic-

ular it reaches as high as 97.6% when sample size N = 390. Moreover, of those admissible

solutions, all the fitted values of ĉ are almost one with negligible standard error (see also

its boxplot in Figure 15) and that the average of the fitted values of d̂ is very close to the

theoretical retention d∗ = 2, 000.

3. For comparison, the last column of Tables 2 and 3 demonstrates the quality of the random

samples by reporting the average of the randomly generated samples (together with its

standard error). The reported values are consistent with the true value of µ = 1, 000 for

both exponential and Pareto distributions.
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4.2 The Standard Deviation Premium Principle Case

In this subsection, we use the same numerical setup as in the preceding subsection except that the

premium principle is the standard deviation with the loading factor β = 0.2 and the reinsurance

premium budget changes to π = 100. This example is considerably more challenging for two

reasons. First, unlike the expectation premium principle, analytical solution under the standard

deviation premium principle with premium budget constraint is not readily available. Second,

the scatter plots in Examples 10 and 11 suggest that the functional form of the optimal ceded

loss function depends on the magnitude of the reinsurance premium budget. In particular,

when π is high the scatter plots reveal that the stop-loss functions are optimal. As we reduce

the budget, say to π = 100, the optimal ceded loss function changes from a stop-loss function

to a capped stop-loss function. For these reasons, a capped change-loss function of the form

f(x) = min{c(x− d)+,m} with parameters c, d, and m is fitted to the empirical optimal ceded

loss values. Note that when c = 1, the capped change-loss function reduces to a capped stop-loss

function with m > 0.

We now describe in details the fitting of the capped change-loss function to the optimal ceded

loss values derived from the empirical model. Similar to the last subsection, we begin with ordered

pairs {(x(1), f(1)), (x(2), f(2)), · · · , (x(N), f(N))} (arranged in an ascending order in xi). The key

in fitting these points to a capped change-loss function is, for a prespecified error tolerance ε,

to identify the subset of the ordered pairs {(x(nl), f(nl)), (x(nl+1), f(nl+1)), · · · , (x(nu), f(nu))} that

are fitted to c(x− d). Here both nl and nu are integers satisfying nu − nl > 1. Furthermore, nl

corresponds to the smallest integer i such that |f(i)| ≥ ε while nu is the largest k such that3

∣∣∣∣∣f(k) −
1

N − k + 1

N∑
j=k

f(j)

∣∣∣∣∣ ≥ ε.

Accordingly, a reasonable estimate of the upper limit m, denoted by m̂, is given by the average

1
N−nu

∑N
j=nu+1 f(j). Also, the linear function f(x) = c(x − d) can now be fitted to the ordered

3If
∣∣∣f(k) − 1

N−k+1

∑N
j=k f(j)

∣∣∣ < ε for all k = 1, 2 · · · , N , then we set nu = 0 and we ignore this trivial case.

35



pairs {(x(nl), f(nl)), (x(nl+1), f(nl+1)), · · · , (x(nu), f(nu))} to determine the fitted ĉ and d̂. Similar to

the example in the previous subsection, the fitted values ĉ, d̂, and m̂ are said to be inadmissible

if at least one of the following conditions is satisfied:

nu − nl ≤ 1, (17)∣∣∣f(i) − ĉ
(
x(i) − d̂

)∣∣∣ ≥ ε for at least one i ∈ {nl, · · · , nu }, (18)

max{f(i) : i = nl, . . . , nu} ≥ m̂, (19)∣∣∣f(N) − ĉ
(
x(N) − d̂

)∣∣∣ < ε. (20)

Otherwise, the fitted values ĉ, d̂, and m̂ are admissible. Condition (20) precludes the possibility

that an ordinary change-loss function (i.e. without a cap) is incorrectly identified as a capped

change-loss function.

N Admissibility mean of ĉ mean of d̂ mean of m̂ mean of x
150 89.7% 1.00 (≈ 0) 2,694.13 (11.45) 1,502.85 (6.90) 1,002.62 (2.75)
180 93.8% 1.00 (≈ 0) 2,686.45 (10.04) 1,505.36 (6.51) 1,001.31 (2.42)
210 95.8% 1.00 (≈ 0) 2,686.67 (9.17) 1,509.18 (5.99) 1,001.31 (2.21)
240 97.1% 1.00 (≈ 0) 2,679.99 (8.51) 1,509.82 (5.94) 999.59 (2.06)
270 97.9% 1.00 (≈ 0) 2,677.78 (7.97) 1,507.24 (5.71) 999.08 (1.95)
300 98.8% 1.00 (≈ 0) 2,676.32 (7.58) 1,507.23 (5.36) 998.94 (1.84)
330 98.9% 1.00 (≈ 0) 2,673.58 (7.17) 1,499.80 (4.97) 999.17 (1.76)
360 99.8% 1.00 (≈ 0) 2,672.89 (6.61) 1,504.78 (4.71) 1,000.20 (1.65)
390 99.9% 1.00 (≈ 0) 2,677.89 (6.55) 1,501.04 (4.80) 999.56 (1.60)

Table 4: Empirical-based solutions based on 1000 independent replications of an exponential
distribution for the standard deviation premium principle.

As in the previous subsection, we consider both the exponential and Pareto distributions with

tolerance error ε = 0.1 and nine sample sizes N = 130 to 390 in multiple of 30. Tables 4 and 5

depict, respectively, for the exponential and Pareto distribution cases, the results of the fits for

the standard deviation premium principle examples with 1,000 independent replications. The

boxplots for all the admissible ĉ, d̂, and m̂ are also produced. The graphs on the left and right

hand columns of Figure 16 are the boxplots of ĉ, d̂ and m̂ for the exponential and the Pareto

distributions, respectively. Based on these results, we draw the following remarks:
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Figure 16: Boxplots of the admissible ĉ, d̂ and m̂ under standard deviation premium principle.
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N Admissibility mean of ĉ mean of d̂ mean of m̂ mean of x
150 97.1% 1.00 (≈ 0) 3,211.22 (23.19) 1,295.76 (4.65) 1,003.52 (4.58)
180 98.5% 1.00 (≈ 0) 3,168.34 (18.72) 1,291.44 (4.23) 1,000.20 (3.91)
210 99.5% 1.00 (≈ 0) 3,188.90 (17.09) 1,284.84 (3.69) 999.37 (3.67)
240 99.6% 1.00 (≈ 0) 3,155.74 (14.75) 1,281.42 (3.48) 993.46 (3.42)
270 99.7% 1.00 (≈ 0) 3,181.36 (15.40) 1,281.70 (3.27) 999.26 (3.28)
300 100% 1.00 (≈ 0) 3,161.11 (13.94) 1,278.89 (3.10) 997.82 (3.06)
330 100% 1.00 (≈ 0) 3,162.77 (13.82) 1,270.64 (2.77) 1,000.89 (3.06)
360 100% 1.00 (≈ 0) 3,157.03 (12.27) 1,270.78 (2.76) 998.10 (2.77)
390 100% 1.00 (≈ 0) 3,153.93 (12.09) 1,269.64 (2.59) 997.59 (2.97)

Table 5: Empirical-based solutions based on 1000 independent replications of a Pareto distribu-
tion for the standard deviation premium principle.

1. Under our admissibility criteria specified above, not all of the fitted values are considered as

admissible for both exponential and Pareto loss distributions. However, it is still reassuring

that the empirical solutions are stable in that predominantly high proportion of the fitted

values are identified as admissible. The worst case, which corresponds to N = 150 in the

exponential distribution case, still suggests that 89.7% of the solutions are identified as the

capped change-loss function. In the Pareto distribution case, the admissibility reaches as

high as 97.1% in the worst case and attains 100% when the sample size N is larger than

270.

2. Among the admissible solutions, the fitted ĉ is essentially equal to 1 (with negligible stan-

dard errors4) for both loss distributions. This strongly suggests that the optimal ceded loss

function is a capped stop-loss function, rather than a capped change-loss function.

3. The fitted values of d̂, and m̂ appear to be reasonable in that their standard errors decrease

as we increase the sample size. This is also supported by the boxplots in Figure 16.

4. The last column of Tables 4 and 5 tabulates the sample mean of the simulated random

samples. Again these estimates are consistent with the true value, which is 1,000.

4The estimated standard errors are in the order of 10−8.
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5 Concluding Remarks

Reinsurance is commonly used by insurers to transfer portion of their risk to a reinsurer. While

reinsurance can be an effective risk management tool, this strategy incurs an additional cost in

the form of reinsurance premium. For this reason, insurers are constantly seeking for optimal

reinsurance strategy that strikes a balance between risk spreading and risk retaining. In addition

to this trade-off, insurers are also confronted with the conflicting goals between the practicality

and tractability of the optimal reinsurance models. Most reinsurance models that have been

proposed in the literature tend to impose many simplifying assumptions in order to maintain

their tractability. Many of these assumptions may not be reasonable from the point of view of

insurers and hence hinder the usefulness of these models. If insurers were to impose more realistic

objective and/or constraints to the reinsurance model, the model is likely to be mathematically

challenging and there is no simple way of obtaining its optimal solution.

Motivated by the above dilemma, this paper proposed an empirical-based reinsurance model

that overcomes many of the shortcomings of the existing optimal reinsurance models. By intu-

itively formulating the optimal reinsurance models directly based on the empirically observed

data, the proposed empirical reinsurance model has many advantages, notably its simplicity,

flexibility, and that combining with SOCP gives us an efficient way of solving a wide array of

reinsurance models. Consequently, the insurers have the flexibility of incorporating any desirable

SOC-representable objective function and constraints while still retaining the ease of numerical

solutions.

Extensive examples based on the variance minimization and CTE minimization models were

provided. The numerical results strongly supported the efficiency, consistency and stability of

using SOCP to obtain the optimal reinsurance solutions. The numerical results also revealed

some interesting optimal reinsurance solutions including the capped stop-loss reinsurance (as

opposed to the typical stop-loss reinsurance) as we considered more sophisticated and more

appropriate premium principles. This also highlighted the importance of a more realistic model

that would lead to more desirable optimal reinsurance strategy.
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While this paper only examined two particular specifications of the optimal reinsurance mod-

els, it should be emphasized that the same analysis can be analogously applied to many other

reinsurance models. This lies the true benefit of the empirical-based reinsurance model. For

example, it can be applied to the quadratic utility maximization model and even other special

cases of hyperbolic absolute risk aversion (HARA) utility maximization model. Moreover, for

some specified non-convex risk measure reinsurance models, SOCP can be adapted to efficiently

obtain the optimal solution even though the SOCP is originally designed for solving a non-linear

convex optimization problem. Preliminary study suggests that in the case of VaR minimization

reinsurance model, which is a non-convex optimization problem, SOCP can be used to obtain

“suboptimal” solutions by incorporating a heuristic algorithm of Larsen et al. (2002). This is

essentially a sequential SOCP procedure and we report this in a future paper.

Finally, while the numerical results had provided strong evidence about the consistency and

stability of empirical reinsurance models. It is of significant interest to formally establish the

theoretical relationship between the empirical solutions and the theoretical solutions. We leave

this for future research.

Appendix A: Second-Order Conic Programming (SOCP)

This appendix provides a brief introduction on second-order cone programming (SOCP). Its

detailed discussion can be found in Lobo, et al. (1998), Ben-Tal and Nemirovski (2001) and

Alizadeh and Goldfarb (2003) among many others and the description below is largely drawn

from these references. The most explicit form of a SOCP is represented as follows:


min
x∈Rn

cTx

s.t. ‖Dix− di‖ ≤ pTi x− qi, i = 1, 2, · · · , k,
(A1)

where x ∈ Rn is the optimization variable, c ∈ Rn, Di ∈ R(ni−1)×n, di ∈ Rni−1, pi ∈ Rn, and

qi ∈ R are the problem parameters. The norm that appears in the constraints is the standard
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Euclidean norm, i.e., ‖u‖ = (uTu)1/2. The constraint ‖Dix − di‖ ≤ pTi x − qi is referred to as

a second-order cone constraint of dimension n because of its connection to the standard or unit

second-order (convex) cone of dimension n, which is is defined as

En =


 u

t

 : u ∈ Rn−1, t ∈ R, ‖u‖ ≤ t

 .

The above set En is also called the quadratic, ice-cream, or Lorentz cone. The set of points

satisfying a second-order cone constraint is the inverse image of the unit second-order cone

under an affine mapping:

‖Dix− di‖ ≤ pTi x− qi ⇐⇒

 Di

pTi

x−

 di

qi

 ∈ Eni
and hence is convex. Thus, the SOCP (A1) is a convex programming problem since the objective

is a convex function and the constraints define a convex set. For this reason, SOCP is also known

as the “Conic Quadratic Programming” and, accordingly, the corresponding constraints as the

“Conic Quadratic Constraints”.

SOCP is quite general in that many of the common convex optimization problems, includ-

ing linear programming, convex quadratic programming and quadratically constrained convex

quadratic programming, are special cases of SOCP. For example, when ni = 1 for i = 1, . . . , k,

the SOCP reduces to the linear program. When pi = 0 and qi ≥ 0, the i-th second-order cone

constraint reduces to ‖Dix − di‖2 ≤ q2
i so that the SOCP becomes a quadratically constrained

linear program.

Not only that the SOCP is a wide class of non-linear convex optimizations, it can also be

solved efficiently in polynomial time using several available solvers via interior-point methods.

These softwares include SeDuMi (see Sturm, 1999), SDPT3 (see Tütüncü et al, 2003) and CVX

(see Grant and Boyd, 2012). The numerical results reported in this paper were based on the
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MATLAB package CVX and is freely available from the authors’ homepage.

The references mentioned above have illustrated several techniques of reformulating a convex

optimization problem as an SOCP. More generally, how do we determine if a convex optimization

problem can be cast as an SOCP? This question is adequately addressed by introducing the

concepts of second-order cone representable (abbreviated SOC-representable) sets and functions.

A convex set S ⊂ Rn is SOC-representable if it can be represented by finitely many second-

order cone constraints, possibly after introducing some auxiliary variables, i.e., there exists Di ∈

R(ni−1)×(n+m), di ∈ Rni−1, pi ∈ Rn+m and scalar qi ∈ R such that

x ∈ S ⇐⇒ ∃ vector u ∈ Rm such that

∥∥∥∥∥∥∥Di

 x

u

− di

∥∥∥∥∥∥∥ ≤ pTi

 x

u

− qi,
i = 1, 2, · · · , k.

A function g(·) is SOC-representable if its graph {(x, t) : g(x) ≤ t} is a SOC-representable set.

Some examples of SOC-representable functions are

(A1) Affine function g(x) = aTx + b;

(A2) Convex quadratic function g(x) = xTMx + qTx + r, where M is a positive semidefinite

matrix;

(A3) The Lp-norm g(x) = ‖x‖p = (
∑n

i=1 x
p
i )

1/p
(p ≥ 1 a rational number).

Moreover, if the function g(x) is SOC-representable, then the constraint g(x) ≤ aTx + b is

also SOC-representable for any vector a with appropriate dimension and scalar b. This can be

explained by the following equivalence:

g(x) ≤ aTx + b ⇐⇒

 g(x) ≤ t

t ≤ aTx + b,

of which both inequalities on the right hand side are SOC-representable constraints.
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The significance of the SOC-representability is that if g(x), h(x) and S are SOC-representable,

then the following convex optimization problem


minx g(x)

s.t. x ∈ S

h(x) ≤ 0

can be cast as an SOCP problem and hence efficiently solved via interior-point methods.

We conclude this appendix by discussing which types of empirical reinsurance models can

be cast as an SOCP problem. In particular, we focus on the general empirical model (2) and

consider two distinct cases depending on the linearity of its objective function. For the first case,

we assume the objective function ρ̂(x, f) is linear. In this special case, the resulting empirical

model can be cast as an SOCP as long as the reinsurance premium budget constraint Π̂(f) ≤ π

is SOC-representable, since the conventional constraints 0 ≤ fi ≤ xi, i = 1, 2, · · · , N are linear.

Appendix B formally establishes that as many as ten commonly used premium principles are

SOC-representable. Hence this implies that the method of SOCP can be used to efficiently solve

a wide array of empirical-based reinsurance models.

If the objective function is nonlinear, then by introducing an auxiliary parameter t, we refor-

mulate (2) into an equivalent form as follows



min
f ,t

t

s.t. 0 ≤ fi ≤ xi, i = 1, 2, ·, N,

Π̂(f) ≤ π,

ρ̂(x, f) ≤ t.

(A2)

Clearly, (f∗, t∗) solves (A2) if and only if f∗ solves model (2). Thus, both Π̂(f) ≤ π and ρ̂(x, f) ≤ t

are required to be SOC-representable in order that the empirical reinsurance model is an SOCP.
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Appendix B: SOC-Representability of Premium Principles

The objective of this appendix is to verify that the empirical reinsurance premium budget con-

straint Π̂(f) ≤ π is SOC-representable for the following ten premium principles. In doing so, the

empirical probability is used to construct the estimator Π̂(f) and that the following relationships

are frequently used (based on the notation defined earlier):

Var[f ] =
1

N

N∑
i=1

(fi − f̄)2 =
1

N
‖f − f̄e‖2 =

1

N
fTQf =

1

N
‖Qf‖2,

where Q is a matrix defined in (5), e denotes a column vector of N dimensions with all compo-

nents equal to one, and f̄ = 1
N

∑N
i=1 fi = eT f

N
. In the remainder of the appendix, we shall use Z

to denote a generic loss random variable in defining various premium principles.

Q1. Expectation principle: Π(Z) = (1 + θ)E[Z] with θ > 0. Thus, Π̂(f) ≤ π ⇐⇒ (1 + θ)f̄ ≤

π ⇐⇒ eT f ≤ 1+θ
N
π, which is a linear constraint and hence is SOC-representable.

Q2. Standard deviation principle: Π(Z) = E[Z]+β
√

Var[Z], where β > 0. Thus, Π̂(f) ≤ π ⇐⇒

f̄ + β ‖Qf‖√
N
≤ π ⇐⇒ ‖Qf‖ ≤ − 1

β
√
N

eT f +
√
N
β
π, which is clearly a second-order cone

constraint.

Q3. Mixed principle: Π(Z) = E[Z] + βVar[Z]/E[Z], where β > 0. Thus, Π̂(f) ≤ π ⇐⇒

f̄ + β
f̄

‖f−f̄e‖2
N

≤ π ⇐⇒
(
f̄
)2

+ β ‖f−f̄e‖
2

N
≤ πf̄ ⇐⇒ fT

(
1
N

E + βQ
)
f ≤ πeT f , where E

denotes a matrix of N by N with all elements equal to 1. Obviously, the last inequality is

a convex quadratic constraint on f , since the matrix
(

1
N

E + βQ
)

is positive semi-definite.

Thus, Π̂(f) ≤ π is SOC-representable for mixed principle Π.

Q4. Modified variation principle: Π(Z) = E[Z] + β
√

Var[Z] + γVar[Z]/E[Z] with γ, β > 0. Thus,

Π̂(f) ≤ π ⇐⇒ f̄ + β 1√
N
‖f − f̄e‖+ γ ‖f−f̄e‖

2

Nf̄
≤ π

44



⇐⇒


f̄ +

β√
N
‖f − ef̄‖ ≤ t1

γ

N
‖f − ef̄‖2/f̄ ≤ t2

t1 + t2 ≤ π

⇐⇒



‖Qf‖ ≤ − 1
β
√
N

eT f +
√
N
β
t1∥∥∥∥∥∥∥

 Qf√
N
γ
· f̄−t2

2


∥∥∥∥∥∥∥ ≤

√
N
γ
f̄+t2

2

t2 ≥ 0

t1 + t2 ≤ π

which are second-order cone constraints with two auxiliary decision variables t1 and t2.

Q5. p-mean value principle: Π(Z) = (E[Zp])1/p, where p > 1, a rational number. Thus, Π̂(f) ≤

π ⇐⇒
(

1

N

)1/p

‖f‖p ≤ π, which is a second-order cone constraint.

Q6. Semi-deviation principle: Π(Z) = E[Z] + β
{

E(Z − E[Z])2
+

}1/2
with 0 < β < 1. Thus,

Π̂(f) ≤ π ⇐⇒ f̄ +
β√
N

(
N∑
i=1

(fi − f̄)2
+

)1/2

≤ π

⇐⇒


∥∥(y1, · · · , yN)T

∥∥ ≤ − 1

β
√
N

eT f +

√
N

β
π,

yi ≥ 0, yi ≥ fi −
1

N
eT f , i = 1, 2, · · · , N,

which, by definition, are second-order cone constraints with auxiliary variables y1, · · · , yN .

Q7. Dutch principle: Π(Z) = E[Z] + βE(Z − E[Z])+ with 0 < β ≤ 1. Thus,

Π̂(f) ≤ π ⇐⇒ f̄ +
β

N

N∑
i=1

(
fi − f̄

)
+
≤ π ⇐⇒


f̄ +

β

N

N∑
i=1

ui ≤ π,

ui ≥ 0, ui ≥ fi − f̄ , i = 1, 2, · · · , N,

which are linear constraints and hence are second-order cone constraints.

Q8. Variance principle: Π(Z) = E[Z]+βVar[Z] with β > 0. Thus, Π̂(f) ≤ π ⇐⇒ f̄+
β

N
fTQf ≤

π ⇐⇒ fTQf +
1

β
eT f − N

β
π ≤ 0, which is a convex quadratic constraint and hence a

second-order cone constraint.

45



Q9. Semi-variance principle: Π(Z) = E[Z] + βE (Z − E[Z])2
+ with β > 0. Thus,

Π̂(f) ≤ π ⇐⇒ f̄ +
β

N

N∑
i=1

(fi − f̄)2
+ ≤ π ⇐⇒


f̄ +

β

N

N∑
i=1

y2
i ≤ π,

yi ≥ 0, yi ≥ fi − f̄ , i = 1, 2, · · · , N

which, by definition, are clearly SOC constraints with auxiliary decision variables y1, · · · , yN .

Q10. Quadratic utility principle: Π(Z) = E[Z] + γ −
√
γ2 − Var[Z] with γ > 0 and γ2 ≥ D[f ].

Thus, Π̂(f) ≤ π ⇐⇒ f̄ + γ −
√
γ2 − 1

N
fTQf ≤ π

⇐⇒


1

N
fTQf ≤ γ2

f̄ + γ − π ≤ 0
or


1

N
fTQf ≤ γ2

f̄ + γ − π ≥ 0(
f̄ + γ − π

)2 ≤ γ2 − 1

N
fTQf

⇐⇒

 fTQf ≤ Nγ2

eT f ≤ N(π − γ)
or


fTQf ≤ Nγ2

eT f ≥ N(π − γ)

fT
(

1

N2
E +

1

N
Q

)
f + 2

γ − π
N

eT f + π2 − 2γπ ≤ 0

The constraints in the above two systems are either linear or convex quadratic. Hence,

Π̂(f) ≤ π can be cast as the union of two SOC-representable sets.
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